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Ïîëó÷åíà ôîðìà êîëåáàòåëüíî-âðàùàòåëüíîãî îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè äëÿ ëèíåéíûõ ñèììåò-
ðè÷íûõ ìîëåêóë òèïà A2B2 â ïîëèñôåðè÷åñêèõ íåîðòîãîíàëüíûõ âíóòðåííèõ (äëи́íû ñâÿçåé è óãëû ìåæäó 
ñâÿçÿìè) êîîðäèíàòàõ. Íåîðòîãîíàëüíûå êîîðäèíàòû èìåþò ïðåèìóùåñòâà ïðè âû÷èñëåíèè âîëíîâûõ ôóíê-
öèé òÿæåëûõ ëèíåéíûõ ìîëåêóë, íàïðèìåð C2F2, C2Cl2, à òàêæå óïðîùàþò âû÷èñëåíèå èíòåíñèâíîñòè ëèíèé 
êîëåáàòåëüíî-âðàùàòåëüíûõ ñïåêòðîâ ìîëåêóë óêàçàííîãî òèïà. Äàííîå èññëåäîâàíèå ÿâëÿåòñÿ ïðîäîëæåíè-
åì íàøåé ðàáîòû [1], â êîòîðîé áûëà ïîëó÷åíà ôîðìà îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè â îðòîãîíàëüíûõ 
êîîðäèíàòàõ. Äëÿ ïðîâåðêè âûâåäåííûõ óðàâíåíèé âûïîëíåí ðàñ÷åò íèæíèõ êîëåáàòåëüíî-âðàùàòåëüíûõ 
óðîâíåé ýíåðãèè ìîëåêóëû àöåòèëåíà. 

 

Êëþ÷åâûå ñëîâà: ëèíåéíûå ìîëåêóëû, àöåòèëåí, îïåðàòîð êèíåòè÷åñêîé ýíåðãèè, íåîðòîãîíàëüíûå êî-
îðäèíàòû, ïîëèñôåðè÷åñêèå êîîðäèíàòû; linear molecule, acetylene, kinetic energy operator, non-orthogonal 
coordinates, polyspherical coordinates. 

 
 

Ââåäåíèå 
 

Â ïðîäîëæåíèå íàøåé ðàáîòû [1] ìû ïðåä-
ñòàâëÿåì çäåñü äîáàâêó (äîïîëíèòåëüíûå ÷ëåíû îïå-
ðàòîðà êèíåòè÷åñêîé ýíåðãèè, ðàâíûå íóëþ â ñëó-
÷àå îðòîãîíàëüíûõ êîîðäèíàò è íå ðàâíûå íóëþ  
â íåîðòîãîíàëüíûõ âíóòðåííèõ êîîðäèíàòàõ) ê îð-
òîãîíàëüíîé ÷àñòè îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè 
äëÿ ëèíåéíûõ ñèììåòðè÷íûõ ìîëåêóë òèïà A2B2  
â ïîëèñôåðè÷åñêèõ êîîðäèíàòàõ. Ïîä âíóòðåííèìè 

êîîðäèíàòàìè ïîäðàçóìåâàþòñÿ äëи́íû ñâÿçåé è óã-
ëû ìåæäó ñâÿçÿìè, êàê, íàïðèìåð, äëÿ ìîëåêóëû 
àöåòèëåíà â [2]. Çíàíèå ôîðìû îïåðàòîðà êèíåòè÷å-
ñêîé ýíåðãèè â íåîðòîãîíàëüíûõ âíóòðåííèõ êîîð-
äèíàòàõ (â îòëè÷èå îò îðòîãîíàëüíûõ êîîðäèíàò) 

íåîáõîäèìî, íàïðèìåð, äëÿ ðàñ÷åòà èíòåíñèâíîñòåé 

ëèíèé â êîëåáàòåëüíî-âðàùàòåëüíûõ ñïåêòðàõ ìîëå-
êóëû àöåòèëåíà [3]. Ïðèìåíåíèå îðòîãîíàëüíûõ 

êîîðäèíàò â ýòîì ñëó÷àå çàòðóäíèòåëüíî, ïîñêîëüêó 
ïîâåðõíîñòü äèïîëüíîãî ìîìåíòà çàäàåòñÿ âî âíóò-
ðåííèõ êîîðäèíàòàõ, à åå ïåðåñ÷åò ê îðòîãîíàëü-
íûì çíà÷èòåëüíî ñëîæíåå, ÷åì èñïîëüçîâàíèå 
âíóòðåííèõ íåîðòîãîíàëüíûõ êîîðäèíàò äëÿ îïåðà-
òîðà êèíåòè÷åñêîé ýíåðãèè. Â ñëó÷àå, êîãäà ìàññà 
àòîìà B ñðàâíèìà ñ ìàññîé àòîìà A, îðòîãîíàëüíûå 
êîîðäèíàòû ïðèìåíÿòü ñëîæíî, â ÷àñòíîñòè èç-çà 
ïðîáëåì ñ ïàðàìåòðèçàöèåé ïîâåðõíîñòè ïîòåíöèè- 
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àëüíîé ýíåðãèè (ÏÏÝ). Ïðè÷èíà â òîì, ÷òî îðòîãî-
íàëüíûå êîîðäèíàòû ñòàíîâÿòñÿ äàëåêèìè îò êîîð-
äèíàò õèìè÷åñêèõ ñâÿçåé ìîëåêóëû, íàïðèìåð äëÿ 
ìîëåêóë l – C3H (ëèíåéíàÿ êîíôèãóðàöèÿ C3H), 
C2F2, C2Cl2. Äëÿ ïåðå÷èñëåííûõ ìîëåêóë ïðèìåíå-
íèå íåîðòîãîíàëüíûõ êîîðäèíàò çàìåòíî ïðîùå. 
Êðîìå òîãî íåîðòîãîíàëüíûå êîîðäèíàòû ïîçâîëÿ-
þò òî÷íåå âû÷èñëÿòü èçîòîïè÷åñêèå ñäâèãè â ñïåê-
òðàõ ìîëåêóë. 

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå 
ñèììåòðè÷íîé ôîðìû îïåðàòîðà êèíåòè÷åñêîé ýíåð-
ãèè â ïîëèñôåðè÷åñêèõ íåîðòîãîíàëüíûõ âíóòðåí-
íèõ êîîðäèíàòàõ. Ïîëó÷åííûé îïåðàòîð ïîçâîëÿåò, 
êàê è â [1], ýôôåêòèâíî èñïîëüçîâàòü êîíòðàêòàöèþ 
âîëíîâûõ ôóíêöèé è ïîëíóþ ñèììåòðèþ ìîëåêóëû. 
Äëÿ òåñòèðîâàíèÿ îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè 
áûë ñäåëàí ðàñ÷åò íèæíèõ óðîâíåé ýíåðãèè ìîëå-
êóëû àöåòèëåíà. 

 

Íåîðòîãîíàëüíàÿ äîáàâêà ê îïåðàòîðó 
êèíåòè÷åñêîé ýíåðãèè äëÿ ìîëåêóëû  
òèïà A2B2 è åå äåéñòâèå íà èñõîäíûå 

âîëíîâûå ôóíêöèè 
 

Ñèììåòðè÷íàÿ ôîðìà îïåðàòîðà êèíåòè÷åñ- 
êîé ýíåðãèè â ìîëåêóëÿðíî-ôèêñèðîâàííîé ñèñòåìå 

(ÌÔÑ) äëÿ ìîëåêóëû òèïà A2B2 â ïîëèñôåðè÷åñêèõ 
íåîðòîãîíàëüíûõ êîîðäèíàòàõ ìîæåò áûòü ïîëó÷å-
íà èç ôîðìóëû (86) ðàáîòû [4]. Ïðè ýòîì íåîðòî-
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ãîíàëüíàÿ äîáàâêà îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè  
â îáîçíà÷åíèÿõ ðàáîòû [4] áóäåò èìåòü âèä 

 (BF) non (BF) ortho
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ãäå ( , , )ˆ ˆ ˆix iy izπ π π  – êîìïîíåíòû îïåðàòîðîâ èìïóëü-
ñà âäîëü êîîðäèíàòíûõ îñåé ÌÔÑ; ( , , )ˆ ˆ ˆix iy iz
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π π π  – 
ýðìèòîâî-ñîïðÿæåííûå îïåðàòîðû; ijF

∗  – êèíåòè÷å-
ñêèå êîíñòàíòû ñâÿçè. Â ñëó÷àå âíóòðåííèõ êîîð-
äèíàò èíäåêñû 1 è 2 îòíîñÿòñÿ ê ìåæúÿäåðíûì âåê-
òîðàì d1 è d2, ñîåäèíÿþùèì ÿäðà A è B äëÿ äâóõ 
ãðóïï ÿäåð (AB), îáðàçóþùèõ ìîëåêóëó A2B2; èí-
äåêñ R îòíîñèòñÿ ê ìåæúÿäåðíîìó âåêòîðó R, ñî-
åäèíÿþùåìó äâà ÿäðà A ìîëåêóëû A2B2. Äëÿ âíóò-
ðåííèõ êîîðäèíàò 12 0F

∗

=  [2]. Ïåðåõîäÿ ê ââåäåííûì 

â [1] îïåðàòîðàì è áàçèñíûì âîëíîâûì ôóíêöèÿì, 
÷ëåíû, âõîäÿùèå â ôîðìóëó (1), ìîæíî ïðåäñòà-
âèòü â âèäå 
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ãäå h  – ïîñòîÿííàÿ Ïëàíêà; i – ìíèìàÿ åäèíèöà; 
d1, d2 è R – äëèíû ìåæúÿäåðíûõ âåêòîðîâ d1, d2  
è R ñîîòâåòñòâåííî; jθ  – óãîë ìåæäó âåêòîðàìè R 
è dj (j = 1, 2); ϕ1 = γ – îäèí èç óãëîâ Ýéëåðà 
(α, β, γ), îïðåäåëÿþùèé îðèåíòàöèþ ÌÔÑ (ïîâî-
ðîò âîêðóã îñè Z, íàïðàâëåííîé âäîëü âåêòîðà R,  
â ÌÔÑ) îòíîñèòåëüíî ëàáîðàòîðíîé ñèñòåìû; ϕ2 = 
= γ + χ2, χ2 – òîðñèîííûé óãîë (óãîë ìåæäó ïëîñ-
êîñòÿìè, ñîäåðæàùèìè âåêòîðû {R è d1} è {R è d2}), 
à îïåðàòîðû èìåþò âèä [1]: 
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Îïåðàòîð êèíåòè÷åñêîé ýíåðãèè âî âíóòðåííèõ 
íåîðòîãîíàëüíûõ ïîëèñôåðè÷åñêèõ êîîðäèíàòàõ 

ïðåäñòàâëÿåò ñîáîé ñóììó ïîëó÷åííîé â [1] íà îñ-
íîâå ðåçóëüòàòîâ [5] îðòîãîíàëüíîé ÷àñòè (ñ ââå-
äåííîé çäåñü èíòåðïðåòàöèåé ìåæúÿäåðíûõ âåêòî-

ðîâ, óãëîâ è íîâûìè êèíåòè÷åñêèìè êîíñòàíòàìè 
ñâÿçè) è íåîðòîãîíàëüíîé äîáàâêè, ïðåäñòàâëåííîé 
â äàííîì ðàçäåëå. 

Ìàòðè÷íûå ýëåìåíòû îò âõîäÿùèõ â âûðàæå-
íèå (2) îïåðàòîðîâ ïî îïðåäåëåííûì â [1] (íî ñ íî-
âîé èíòåðïðåòàöèåé óãëîâ) áàçèñíûì âîëíîâûì 

ôóíêöèÿì: 

 1 1 2 2, , , , ,J M l m l m =  
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π
 – ôóíêöèè ñèì- 

ìåòðè÷íîãî âîë÷êà (ñì. Ïðèëîæåíèå, ôîðìóëû 

(Ï1)–(Ï7)). 

 

Äåéñòâèå íåîðòîãîíàëüíîé äîáàâêè  
ê îïåðàòîðó êèíåòè÷åñêîé ýíåðãèè  

äëÿ ìîëåêóëû òèïà A2B2  
íà ñèììåòðèçîâàííûå ïî ÷åòíîñòè 

âîëíîâûå ôóíêöèè 
 

Ðàññìîòðèì äåéñòâèÿ îïåðàòîðîâ è ðåçóëüòàòû 
âû÷èñëåíèÿ ìàòðè÷íûõ ýëåìåíòîâ â àäàïòèðîâàí-
íîì ïî ÷åòíîñòè îòíîñèòåëüíî èíâåðñèè ïðîñòðàí-
ñòâà áàçèñå. Ýòîò áàçèñ, ïîñòðîåííûé íà îñíîâå 
áàçèñíûõ âîëíîâûõ ôóíêöèé (5), ïðèâåäåí â [1]  
è èìååò âèä 
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1 21 1 2 2 1 1 2 2, , , , , , , , , , ,
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Ïðè èíâåðñèè ïðîñòðàíñòâà E* âûïîëíÿåòñÿ ðà-
âåíñòâî 

 *

1 1 2 2, , , , , ,E J M p l m l m =  
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à äåéñòâèå îïåðàòîðà cos jθ  – ôîðìóëîé [6]: 
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Ìàòðè÷íûå ýëåìåíòû îò îïåðàòîðîâ (2) è (3) ïî áà-
çèñíûì âîëíîâûì ôóíêöèÿì (6) âûðàæàþòñÿ ÿâíî 
÷åðåç ìàòðè÷íûå ýëåìåíòû, ôîðìóëû äëÿ êîòîðûõ 
ïðèâåäåíû â Ïðèëîæåíèè ((Ï8)–(Ï13)). Áàçèñ (6) 
óäîáåí äëÿ ïîâåðêè âû÷èñëåíèé, íî â ðåàëüíûõ 
ðàñ÷åòàõ äëÿ àöåòèëåíà ïðèìåíÿåòñÿ áîëåå ñëîæ-
íûé áàçèñ, ïðèâåäåííûé â [7]. 

 

Âû÷èñëåíèå êîëåáàòåëüíî-âðàùàòåëüíûõ 
óðîâíåé àöåòèëåíà 

 

Äëÿ òåñòèðîâàíèÿ ïîëó÷åííûõ ôîðìóë áûëè 
ïðîâåäåíû ðàñ÷åòû íèæíèõ êîëåáàòåëüíûõ óðîâíåé 
ìîëåêóëû àöåòèëåíà. Â òàáë. 1 ïðèâîäèòñÿ ñðàâíå-
íèå ïîëó÷åííûõ ðåçóëüòàòîâ ðàñ÷åòîâ íåñêîëüêèõ 
íèæíèõ êîëåáàòåëüíûõ óðîâíåé ìîëåêóëû 12C2H2  
 

â ïîëèñôåðè÷åñêèõ íåîðòîãîíàëüíûõ âíóòðåííèõ 
êîîðäèíàòàõ ñ ðåôåðåíñíûì ðàñ÷åòîì â îðòîãî-
íàëüíûõ êîîðäèíàòàõ ßêîáè [1]. Â êà÷åñòâå ðàäè-
àëüíûõ áàçèñíûõ âîëíîâûõ ôóíêöèé ìû èñïîëüçî-
âàëè ñîáñòâåííûå ôóíêöèè îñöèëëÿòîðîâ Ìîðçå. 
Êàê âèäíî èç òàáë. 1, ðàñ÷åò â íåîðòîãîíàëüíûõ 
êîîðäèíàòàõ âîñïðîèçâîäèò ðàñ÷åò â îðòîãîíàëü-
íûõ: ðàçëè÷èå ïî àáñîëþòíîé âåëè÷èíå íå ïðåâû-
øàåò 0,35 ñì−1 ïðè èñïîëüçîâàíèè áàçèñíûõ âîëíî-
âûõ ôóíêöèé êàê ñ 1 22,l ≤  2 22,l ≤  v 6,R ≤  

1
v 3,d ≤  

2
v 3,d ≤  òàê è ñ 1 28,l ≤  2 28,l ≤  v 6,R ≤  

1
v 3,d ≤  

2
v 3d ≤  

(v ,R  
1

v ,d  
2

vd  – êâàíòîâûå ÷èñëà ñîáñòâåííûõ ôóíê-
öèé îñöèëëÿòîðîâ Ìîðçå äëÿ ðàäèàëüíûõ êîîðäè-
íàò R, d1, d2). Ïðè ýòîì ñõîäèìîñòü óðîâíåé ýíåð-
ãèè ïðè ðåøåíèè çàäà÷è â íåîðòîãîíàëüíûõ êîîð-
äèíàòàõ ïî÷òè òàêàÿ æå, êàê è â îðòîãîíàëüíûõ. 
 

 

 
Ò à á ë è ö à  1  

Ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòîâ â ïîëèñôåðè÷åñêèõ íåîðòîãîíàëüíûõ âíóòðåííèõ êîîðäèíàòàõ è îðòîãîíàëüíûõ  
êîîðäèíàòàõ (âû÷èñëåííûå Eíåîðòî, Eîðòî ïîëîæåíèÿ öåíòðîâ ïîëîñ ìîëåêóëû C2H2 è èõ ðàçíîñòü ΔÅ = Eíåîðòî − Eîðòî  

äëÿ òðåõ ñëó÷àåâ) 

Èäåíòèôèêàöèÿ  
ïî [8] è [9]* 

1 22,l ≤  2 22,l ≤   
v 5,R ≤  1

v 2,d ≤
 2
v 2d ≤

 

1 22,l ≤  2 22,l ≤   
v 6,R ≤  1

v 3,d ≤
 2
v 3d ≤

 

1 28,l ≤  2 28,l ≤   
v 6,R ≤  1

v 3,d ≤
 2
v 3d ≤

 
4 5

1 2 3 4 5
v v v v v( )l l K

 e/f Eíåîðòî, ñì−1 Eîðòî, ñì−1 ΔÅ, ñì−1 Eíåîðòî, ñì−1 Eîðòî, ñì−1 ΔÅ, ñì−1 Eíåîðòî, ñì−1 Eîðòî, ñì−1 ΔÅ, ñì−1 

1 2 3 4 5 6 7 8 9 10 11 

(0 0 0 20 00)0 e 1228,067 1228,125 −0,057 1228,072 1228,123 −0,051 1228,072 1228,123 −0,051 
(0 0 0 11 1−1)0 e 1326,945 1327,047 −0,102 1326,949 1327,046 −0,097 1326,949 1327,046 −0,097 
(0 0 0 11 1−1)0 f 1338,887 1339,001 −0,114 1338,892 1338,999 −0,107 1338,892 1338,999 −0,107 
(0 0 0 00 20)0 e 1449,204 1449,406 −0,202 1449,206 1449,403 −0,198 1449,206 1449,403 −0,198 
(0 1 0 00 00)0 e 1974,213 1973,924 0,289 1974,032 1973,920 0,112 1974,032 1973,920 0,112 

 e 2482,041 2482,128 −0,087 2482,049 2482,127 −0,078 2482,049 2482,126 −0,076 
(0 0 0 31 1−1)0 e 2557,626 2557,724 −0,098 2557,634 2557,724 −0,090 2557,634 2557,722 −0,088 
(0 0 0 3−1 11)0 f 2580,511 2580,615 −0,105 2580,519 2580,613 −0,094 2580,519 2580,613 −0,094 
(0 0 0 22 2−2)0 e 2646,448 2646,602 −0,154 2646,455 2646,602 −0,147 2646,455 2646,600 −0,145 
(0 0 0 2−2 22)0 f 2658,784 2658,947 −0,163 2658,792 2658,945 −0,154 2658,791 2658,945 −0,153 

 e 2681,254 2681,479 −0,226 2681,261 2681,477 −0,216 2681,261 2681,476 −0,215 
(0 0 0 11 3−1)0 e 2757,287 2757,519 −0,232 2757,293 2757,518 −0,225 2757,293 2757,516 −0,223 
(0 0 0 1−1 31)0 f 2781,942 2782,180 −0,238 2781,949 2782,177 −0,228 2781,949 2782,177 −0,228 
(0 0 0 00 40)0 e 2880,352 2880,615 −0,263 2880,356 2880,612 −0,256 2880,356 2880,611 −0,256 

 e 3178,117 3178,001 0,116 3177,980 3177,990 −0,010 3177,980 3177,990 −0,010 
(0 1 0 1 11−1)0 e 3281,936 3281,629 0,307 3281,471 3281,473 −0,003 3281,471 3281,473 −0,003 
(0 0 1 00 00)0 e 3295,086 3294,736 0,350 3294,569 3294,558 0,011 3294,569 3294,558 0,011 
(0 1 0 11 1−1)0 f 3298,670 3298,530 0,140 3298,536 3298,519 0,017 3298,536 3298,519 0,017 
(1 0 0 00 00)0 e 3374,171 3373,428 0,742 3373,451 3373,111 0,340 3373,451 3373,111 0,340 
(0 1 0 00 20)0 e 3420,274 3420,251 0,024 3420,124 3420,236 −0,111 3420,124 3420,236 −0,111 

 e 3760,580 3760,718 −0,138 3760,591 3760,718 −0,128 3760,590 3760,706 −0,116 
(0 0 0 51 1−1)0 e 3813,724 3813,880 −0,156 3813,734 3813,881 −0,147 3813,731 3813,835 −0,104 
(0 0 0 51 1−1)0 f 3845,495 3845,610 −0,115 3845,505 3845,609 −0,104 3845,505 3845,604 −0,099 

 e 3879,622 3879,869 −0,247 3879,633 3879,871 −0,238 3879,626 3879,790 −0,164 
 f 3902,265 3902,403 −0,138 3902,276 3902,403 −0,127 3902,275 3902,388 −0,113 

(0 2 0 00 00)0 e 3934,338 3933,195 1,143 3933,415 3933,151 0,264 3933,415 3933,151 0,264 
 e 3935,479 3935,614 −0,136 3935,489 3935,613 −0,124 3935,489 3935,608 −0,119 
 e 3958,568 3958,773 −0,204 3958,578 3958,774 −0,195 3958,570 3958,690 −0,120 
 f 3971,661 3971,818 −0,157 3971,672 3971,818 −0,146 3971,671 3971,803 −0,132 
 e 3993,537 3993,799 −0,263 3993,547 3993,799 −0,252 3993,545 3993,779 −0,234 
 f 4027,733 4027,892 −0,159 4027,744 4027,890 −0,147 4027,743 4027,886 −0,143 
 e 4058,762 4058,728 0,034 4058,770 4058,728 0,042 4058,760 4058,646 0,114 
 f 4084,095 4084,296 −0,201 4084,105 4084,296 −0,191 4084,104 4084,282 −0,179 
 e 4119,917 4120,168 −0,250 4119,927 4120,166 −0,239 4119,926 4120,161 −0,234 
 e 4170,193 4170,472 −0,278 4170,201 4170,471 −0,270 4170,193 4170,422 −0,228 
 f 4209,724 4209,985 −0,260 4209,733 4209,983 −0,250 4209,732 4209,978 −0,246 
 e 4294,406 4294,688 −0,282 4294,412 4294,686 −0,274 4294,409 4294,671 −0,262 
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Î ê î í ÷ à í è å  ò à á ë .  1  
 

1 2 3 4 5 6 7 8 9 10 11 

 e 4410,624 4410,569 0,055 4410,499 4410,543 −0,043 4410,499 4410,542 −0,043 
(0 1 0 31 1−1)0 e 4486,789 4486,630 0,159 4486,352 4486,407 −0,055 4486,352 4486,406 −0,054 
(0 0 1 20 00)0 e 4506,016 4505,844 0,173 4505,595 4505,635 −0,041 4505,595 4505,635 −0,040 
(0 1 0 3−1 11)0 f 4517,395 4517,328 0,066 4517,281 4517,305 −0,023 4517,281 4517,304 −0,023 

 e 4568,813 4568,583 0,230 4568,175 4568,150 0,025 4568,175 4568,150 0,025 
 e 4588,774 4588,638 0,136 4588,420 4588,492 −0,072 4588,419 4588,490 −0,071 

(0 1 0 22 2−2)0 f 4598,117 4597,999 0,118 4597,721 4597,805 −0,084 4597,721 4597,804 −0,084 
(0 0 1 11 1−1)0 e 4608,928 4608,747 0,181 4608,396 4608,494 −0,098 4608,396 4608,493 −0,098 
(0 0 1 11 1−1)0 f 4616,714 4616,581 0,134 4616,250 4616,334 −0,084 4616,250 4616,333 −0,084 

 e 4627,205 4627,264 −0,058 4627,095 4627,240 −0,145 4627,095 4627,240 −0,144 
(1 0 0 1 11−1)0 e 4673,967 4673,603 0,363 4673,284 4673,174 0,110 4673,284 4673,174 0,110 
(1 0 0 11 1−1)0 f 4688,527 4688,160 0,367 4687,875 4687,752 0,123 4687,875 4687,752 0,123 
(0 1 0 11 3−1)0 e 4710,579 4710,544 0,035 4710,246 4710,411 −0,165 4710,245 4710,409 −0,163 
(0 0 1 00 20)0 e 4727,984 4727,840 0,145 4727,372 4727,533 −0,162 4727,371 4727,533 −0,161 

Ñðåäíåêâàäðàòè÷å-
ñêîå îò ΔE (RMS) σ = 0,264 ñì−1 σ = 0,157 ñì−1 σ = 0,150 ñì−1 
______________ 

* Èäåíòèôèêàöèÿ óðîâíåé ïî [9] âûäåëåíà ïîëóæèðíûì. 
 

 
Ðèñ. 1. Çàâèñèìîñòü ñõîäèìîñòè ðàñ÷åòîâ îò ðàçìåðà áàçèñà äëÿ íèæíèõ êîëåáàòåëüíûõ óðîâíåé ýíåðãèè ìîëåêóëû 12C2H2: 
a – 1 22,l ≤  2 22,l ≤  v 5,R ≤  

1
v 2,d ≤  

2
v 2;d ≤  á – 1 22,l ≤  2 22,l ≤  v 6,R ≤  

1
v 3,d ≤  

2
v 3;d ≤  â – 1 28,l ≤  2 28,l ≤  v 6,R ≤  

1
v 3,d ≤  

   
2

v 3;d ≤  ã – 1 28,l ≤  2 28,l ≤  v 7,R ≤  
1

v 4,d ≤  
2

v 4d ≤   

 

Íàãëÿäíî çàâèñèìîñòü ñõîäèìîñòè îò ðàçìåðà 
áàçèñà ïðåäñòàâëåíà íà ðèñ. 1. 

Èç ðèñ. 1 âèäíî, ÷òî ïðè óâåëè÷åíèè áàçèñà 
ðàñ÷åòû â îðòîãîíàëüíûõ è íåîðòîãîíàëüíûõ êîîð-
äèíàòàõ äëÿ áîëüøèíñòâà ðàññìîòðåííûõ óðîâíåé 

ñíà÷àëà ñáëèæàþòñÿ äî íåêîòîðîé âåëè÷èíû, íî ïðè 
äàëüíåéøåì óâåëè÷åíèè áàçèñà ìåíÿþòñÿ ìàëî. Ïðè- 

÷èíà ýòîãî – ïðèìåíåíèå ÏÏÝ, ïàðàìåòðèçîâàííîé 

â äâóõ ðàçëè÷íûõ (îðòîãîíàëüíûõ è íåîðòîãîíàëü-
íûõ) êîîðäèíàòàõ, ÷òî íåèçáåæíî (â ñèëó îãðàíè÷åí- 
íîñòè ðàçëîæåíèé) ïðèâîäèò ê ðàçëè÷íûì ðåçóëü- 
òàòàì íåçàâèñèìî îò ðàçìåðíîñòè áàçèñà. Â òàáë. 2  
äàíî ñðàâíåíèå äâóõ íàøèõ ðàñ÷åòîâ (â îðòîãî-
íàëüíûõ êîîðäèíàòàõ ßêîáè è íåîðòîãîíàëüíûõ)  
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Ò à á ë è ö à  2  

Ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòîâ â ïîëèñôåðè÷åñêèõ íåîðòîãîíàëüíûõ âíóòðåííèõ  
êîîðäèíàòàõ è îðòîãîíàëüíûõ êîîðäèíàòàõ (âû÷èñëåííûå Eíåîðòî, Eîðòî êîëåáàòåëüíî-

âðàùàòåëüíûå óðîâíè ýíåðãèè äëÿ J = 1 ìîëåêóëû C2H2 è èõ ðàçíîñòü ΔÅ = Eíåîðòî − Eîðòî) 

Èäåíòèôèêàöèÿ ïî [8] 
Ýìïèðè÷åñêèå äàííûå  

èç [8] 
1 22,l ≤  2 22,l ≤   

v 5,R ≤  
1

v 2,d ≤  
2

v 2d ≤  

4 5
1 2 3 4 5

v v v v v( )l l K  e/f 
EMARVEL, ñì−1  
(ïîãðåøíîñòü) 

Eíåîðòî, ñì−1 Eîðòî, ñì−1 ΔÅ, ñì−1 

(0 0 0 00 00)0 e 2,353286(0) 2,353 2,353 0,000 
(0 0 0 11 00)1 e 614,044355(361) 612,555 612,595 −0,040 
(0 0 0 11 00)1 f 614,054888(423) 612,565 612,606 −0,040 
(0 0 0 00 11)1 e 731,506987(299) 731,542 731,623 −0,082 
(0 0 0 00 11)1 f 731,516374(341) 731,551 731,633 −0,082 
(0 0 0 20 00)0 e 1232,749162(392) 1230,426 1230,477 −0,051 
(0 0 0 11 1−1)0 e 1330,434308(279) 1329,306 1329,406 −0,099 
(0 0 0 11 1−1)0 f 1342,911183(1095) 1341,247 1341,357 −0,110 
(0 0 0 00 20)0 e 1451,474822(263) 1451,566 1451,767 −0,201 
(0 0 0 31 00)1 e 1856,947677(1495) 1853,751 1853,801 −0,049 
(0 0 0 31 00)1 f 1856,968230(1440) 1853,772 1853,822 −0,049 
(0 0 0 22 1−1)1 e 1942,356142(3287) 1940,080 1940,162 −0,082 
(0 0 0 22 1−1)1 f 1942,371328(1005) 1940,095 1940,177 −0,082 
(0 0 0 20 11)1 f 1962,052115(2470) 1959,556 1959,700 −0,143 
(0 0 0 20 11)1 e 1962,057447(1361) 1959,562 1959,705 −0,143 
(0 1 0 00 00)0 e 1976,656600(1314) 1976,554 1976,272 0,282 
(0 0 0 11 20)1 e 2050,232293(998) 2049,465 2049,685 −0,219 
(0 0 0 11 20)1 f 2050,251456(17321) 2049,484 2049,704 −0,219 
(0 0 0 1−1 22)1 f 2068,152962(17321) 2066,482 2066,668 −0,186 
(0 0 0 1−1 22)1 e 2068,161538(2652) 2066,491 2066,676 −0,186 
(0 0 0 00 31)1 e 2171,514343(799) 2171,609 2171,842 −0,233 
(0 0 0 00 31)1 f 2171,533306(1411) 2171,628 2171,861 −0,233 
 e – 2484,405 2484,482 −0,077 
(0 0 0 31 1−1)0 e 2562,961453(1000) 2559,993 2560,084 −0,091 
(0 1 0 11 00)1 e 2575,873197(2000) 2574,187 2574,013 0,174 
(0 1 0 11 00)1 f 2575,883903(2000) 2574,197 2574,023 0,174 
(0 0 0 31 1−1)0 f 2586,208355(180000) 2582,876 2582,972 −0,096 

 
íåñêîëüêèõ íèæíèõ êîëåáàòåëüíî-âðàùàòåëüíûõ 

óðîâíåé ìîëåêóëû 12C2H2 ñ ýìïèðè÷åñêèìè çíà÷å-
íèÿìè, ïðèâåäåííûìè â ðàáîòå [8]. Ýìïèðè÷åñêèå 
óðîâíè ýíåðãèè [8] ïîëó÷åíû èç îáðàáîòêè ñïåêòðîâ 
ìåòîäîì ýôôåêòèâíîãî ãàìèëüòîíèàíà (ñì., íàïðè-
ìåð, [9, 10]). Áîëåå ïîëíûé íàáîð ññûëîê â ðàáî-
òàõ [8–10]. 

Çà íà÷àëî îòñ÷åòà êîëåáàòåëüíî-âðàùàòåëüíûõ 

óðîâíåé ýíåðãèè ïðèíÿòà ýíåðãèÿ íóëåâûõ êîëåáà-
íèé ìîëåêóëû. Ñðàâíåíèå ïîçâîëÿåò ñäåëàòü âûâîä 
î ïðàâèëüíîñòè ïîëó÷åííûõ âûðàæåíèé äëÿ îïåðà-
òîðà êèíåòè÷åñêîé ýíåðãèè ìîëåêóëû òèïà A2B2  

â ïîëèñôåðè÷åñêèõ íåîðòîãîíàëüíûõ âíóòðåííèõ 

êîîðäèíàòàõ. Â ðàñ÷åòàõ èñïîëüçîâàëàñü ÏÏÝ àöå-
òèëåíà èç íàøåé ðàáîòû [7]. Çàìåòèì, ÷òî íàø 
ïîäõîä ëó÷øå àäàïòèðîâàí äëÿ èçó÷åíèÿ íåæåñòêèõ 

ìîëåêóë è âûñîêîâîçáóæäåííûõ ñîñòîÿíèé, ÷åì îñ-
íîâàííûé íà íîðìàëüíûõ êîîðäèíàòàõ ïîäõîä, 
ïðåäëàãàåìûé, íàïðèìåð, â [11]. Ýòî îáóñëîâëåíî, 
â ÷àñòíîñòè, îòñóòñòâèåì íåîáõîäèìîñòè òî÷íîãî 

îïðåäåëåíèÿ îðèåíòàöèè ìîëåêóëû [12]. 

 

Çàêëþ÷åíèå 
 
Ïîëó÷åíà ñèììåòðè÷íàÿ ôîðìà çàïèñè íåîðòî-

ãîíàëüíîé ÷àñòè îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè 
äëÿ ñèììåòðè÷íûõ ëèíåéíûõ ìîëåêóë òèïà A2B2  

â ïîëèñôåðè÷åñêèõ íåîðòîãîíàëüíûõ âíóòðåííèõ 
êîîðäèíàòàõ è ïðåäñòàâëåíî åå äåéñòâèå íà óãëîâîé 
áàçèñ (6), èíâàðèàíòíûé ïðè èíâåðñèè ïðîñòðàíñò-
âà îòíîñèòåëüíî íà÷àëà êîîðäèíàò ÌÔÑ. Äàííàÿ 
ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [1], â êîòî-
ðîé ðàññìàòðèâàëàñü îðòîãîíàëüíàÿ ÷àñòü îïåðàòîðà 
êèíåòè÷åñêîé ýíåðãèè ìîëåêóë òèïà A2B2 è åå äåé-
ñòâèå íà ââåäåííûå áàçèñíûå âîëíîâûå ôóíêöèè (5) 
è (6). Êàê è ïðåæäå, äëÿ ïðèâåäåííîãî óãëîâîãî 
áàçèñà î÷åíü ïðîñòî ñäåëàòü êîíòðàêòàöèþ âîëíî-
âûõ ôóíêöèé [1]. Äëÿ ïðîâåðêè ïîëó÷åííûõ ôîðìóë 
íàìè áûëè ïðîâåäåíû ðàñ÷åòû íèæíèõ êîëåáàòåëüíî-
âðàùàòåëüíûõ óðîâíåé ýíåðãèè ìîëåêóëû àöåòèëå-
íà. Èñïîëüçîâàíèå îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè 

âî âíóòðåííèõ ïîëèñôåðè÷åñêèõ íåîðòîãîíàëüíûõ 
êîîðäèíàòàõ ñóùåñòâåííî óïðîñòèò ðàñ÷åòû èíòåí-
ñèâíîñòè ñïåêòðàëüíûõ ëèíèé êîëåáàòåëüíî-âðàùà-
òåëüíûõ ñïåêòðîâ ñèììåòðè÷íûõ ëèíåéíûõ ìîëåêóë 
òèïà A2B2 ïî ñðàâíåíèþ ñ èñïîëüçîâàíèåì îðòîãî-
íàëüíûõ êîîðäèíàò â ñèëó òîãî, ÷òî ïîâåðõíîñòü 
äèïîëüíîãî ìîìåíòà ìîëåêóëû åñòåñòâåííûì îáðà-
çîì ïðåäñòàâëåíà òîëüêî âî âíóòðåííèõ êîîðäèíà-
òàõ (íåîðòîãîíàëüíûõ). Êðîìå òîãî, ïðèìåíåíèå 
íåîðòîãîíàëüíûõ êîîðäèíàò ïîçâîëèò âû÷èñëèòü 
ñïåêòðû áîëåå ñëîæíûõ ëèíåéíûõ ÷åòûðåõàòîìíûõ 
ìîëåêóë. 

 

Ôèíàíñèðîâàíèå. Ðàáîòà âûïîëíåíà â ðàìêàõ 
ãîñóäàðñòâåííîãî çàäàíèÿ ÈÎÀ ÑÎ ÐÀÍ. 
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Ïðèëîæåíèå 
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Äåéñòâèå âõîäÿùèõ â ôîðìóëó (4) îïåðàòîðîâ cos jθh  íà âîëíîâûå ôóíêöèè (6) î÷åâèäíî (ñì. [6]) è çäåñü  
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è ñ ó÷åòîì ôîðìóë (9) è (10). 
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A.E. Protasevich, A.V. Nikitin. Kinetic energy operator for linear A2B2 type molecules in polyspheri-
cal non-orthogonal internal coordinates. 

The form of the vibrational-rotational operator of kinetic energy for linear symmetric molecules of the 
A2B2 type in polyspherical non-orthogonal internal (bond lengths and angles between bonds) coordinates is ob-
tained. Non-orthogonal coordinates have advantages in calculating the wave functions of heavy linear mole-
cules, for example, C2F2 and C2Cl2 and simplify the calculation of the intensity of the lines of the vibrational-
rotational spectra of molecules of this type. This work is a continuation of work [1], in which the form of the 
kinetic energy operator in orthogonal coordinates was obtained. To verify the expressions derived, the lower vi-
brational-rotational energy levels of the acetylene molecule are calculated. 


