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Abstract

A brief review of works on the development of the system of mathematical modeling of processes in the
atmosphere and on the assimilation of the data of meteorological observations is given. In addition, the works
on the applicability of the Kalman filter theory to the problem of the assimilation of observation data are

reviewed.

INTRODUCTION

Mathematical modeling of atmospheric
processes, as well as the solution of the prob-
lem of transport and transformation of a pas-
sive air pollutants are usually based on solving
the corresponding Cauchy problem for hyd-
rothermodynamic model of atmosphere, or for
transport and diffusion of a passive minor in-
gredient; hence, it is necessary to assign initial
data in the grid points. Recovery of the values
of meteorological fields in a definite region on
the basis of the observation data in a given
irregular ensemble of points is usually called
numerical (objective) analysis of meteorologi-
cal data. At present, in the leading meteoro-
logical centres of the world, the numerical
analysis of meteorological data is performed
with the help of three-dimensional multivari-
ant optimal interpolation method. The optimal
interpolation method is a statistical one; it in-
volves minimization of the analysis error av-
eraged over the ensemble [1]. The develop-
ment of the methods of numerical analysis
and the appearance of the asynchronous me-
teorological information, 7. e. the information
that arrives at time moments out of the major
synoptic observation terms, have led to the
formulation of the problem of recovery of
spatial-temporal distribution of meteorologi-
cal fields. It is generally accepted that the

change of meteorological fields with time is
described by the mathematical model of the
atmosphere, while the problem of the recove-
ry of spatial-temporal distribution of meteoro-
logical fields is usually referred to as the prob-
lem of adoption of meteorological data with
the help of mathematical model.

Two major types of the adoption systems
exist: continuous and discrete ones. In conti-
nuous systems, the assimilation of observation
data (analysis step) occurs at the time moment
corresponding to the observation moment; in
the discrete systems, it occurs at time moments
that correspond to the main synoptic observa-
tion terms. Let us list the major kinds of mete-
orological information transmitted over the sys-
tem of global telecommunication. The infor-
mation in the SYNOP code contains the data
of surface observations obtained every 3 h,
starting from 0:00 Greenwich, information in
the TEMP code contains the data of aerologi-
cal observations up to the height of 30—40 km,
obtained every 6 h. The satellite observations
SATEM and SATOB, as well as the airborne
observations AIREP are made asynchronously,
i. e. at arbitrary time moments. The data in the
GRIB code contains results of forecasts and anal-
yses by the National Centre Environmental Fore-
cast of the USA (NCEP USA), European Centre
of medium-term forecasts of weather, and the
Hydrometeorological Centre of Russia.
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Generally accepted system of the data adop-
tion is a cycle consisting of forecast — analy-
sis — initialization. In this system, the forecast
according to the mathematical model of the
atmosphere is taken as the first guess for the
numerical analysis, 7. e. not the absolute values
of meteorological elements are interpolated
into the grid points but their deviations from
a definite field, which is called the first guess.
At the stage of initialization, the field ob-
tained as a result of the analysis is projected
onto the slow manifold that corresponds to
the given model of the atmosphere, in order
to decrease undesirable influence of inertial
gravitational waves. The adoption system is a
complicated technological line including a set
of software.

In the recent years, these adoption systems
based on the cycle forecast — analysis — ini-
tialization are mastered using the general varia-
tion formulation of the problem and the conju-
gated model in order to minimize the corre-
sponding functional, on the basis of the known
results on the theory of optimal control [2—5].
At the same time, some authors consider the
formulation of the problem of data adoption
in terms of estimation theory involving the
algorithm of Kalman filter [3, 6, 7]. It should
be noted that the problems of optimal control
and optimal filtration are linked with each other
through the principle of duality; in addition,
there are algorithms of simultaneous estima-
tion and control of the process [3, 7].

In application to the problem of the adop-
tion of meteorological observation data, both
approaches have some shortcomings, along with
advantages. For example, the variation approach
either does not take into account random er-
rors of observation and forecast, or they are
assigned independent of time.

The adoption algorithm based on Kalman
filter is a natural generalization of the adop-
tion systems which are forecast-analysis cyc-
les [3]. Actually, this cycle is supplemented
with a procedure for the calculation of cov-
ariations of errors for the fields to be esti-
mated. At the same time, this algorithm re-
quires substantial computer resources; in its
full implementation, it cannot be realized at
present even with a supercomputer because
the order of covariation matrices for modern

global models is tens thousands. In addition,
under definite conditions, Kalman filter can
be divergent with time. Nevertheless, the ap-
plicability of the theory of Kalman filter to
the problem of data adoption is being investi-
gated by many authors.

There are several approaches to solving the
problem linked with large order of covaria-
tion matrices calculated in the Kalman filter
algorithm that are intensively developing at
present. One of these approaches is an attempt
to describe analytically the behaviour of cova-
riation errors of forecast. For example, in [8]
the authors obtained an analytical equation in
partial derivatives for the covariation function
locally in the vicinity of a definite point un-
der consideration. The ensemble Kalman filter
is widely used. In it Monte-Carlo method is
used to calculate covariations of forecast er-
rors [9, 10]. The third approach consists in us-
ing simplified prognostic models to calculate
the matrices of forecast error covariations. This
aproach was proposed in [6]. The algorithm of
Kalman filter in which simplified models are
used to calculate covariation matrices is called
suboptimal [3, 8]. Generalization of this ap-
proach in combination with the ensemble meth-
od is considered in [11].

As we have already mentioned above, the
application of Kalman filtration theory to the
problem of adoption of meteorological data is
a very complicated task which is difficult for
realization in modern prognostic problems be-
cause of the high order of the arising covaria-
tion matrices. However, this task has some ad-
vantages: the dynamics of the atmosphere is
described by specific prognostic equations with
well investigated properties. In addition, the
known analytical equations have been obtained
within turbulence theory for the structural
functions of the fields of temperature and wind
on the basis of Navie—Stokes equations and
heat penetration. It should be noted that at
present the optimal Kalman filtration proce-
dure is applied also to the problem linked with
the adoption of aerosol data. Similar difficul-
ties arise in connection with solving the prob-
lem of forecasting covariation matrices of very
high order. As a rule, various simplifications
are involved, similar to the case of meteoro-
logical problems [12, 13].
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The present article is a brief review of our
works dealing with the development of the
system of mathematical modeling of process-
es in the atmosphere and adoption of the data
of meteorological observations, as well as the
works on investigation of the applicability of
Kalman filter theory to the problem of adop-
tion of the data of meteorological and aerosol
observations.

SYSTEM OF MATHEMATICAL MODELING
OF PROCESSES IN THE ATMOSPHERE

As we have already mentioned above, from
the viewpoint of the formulation of the prob-
lem linked with the analysis of the data of
meteorological observations, two approaches are
most popular in the world: variation approach
based on optimal control procedure, and prob-
abilistic approach involving the methods of
estimation theory [14].

When developing the system of modeling,
we took into account the possibility of its gen-
eralization with the help of modern data adop-
tion methods, in particular those based on es-
timation theory.

The major components of this system are
as follows:

— governing programme;

— meteorological data adoption system;

— model of transport of air pollutants;

— visualization unit.

In turn, the meteorological data adoption
system consists of the following units:

— numerical (objective) analysis of obser-
vation data;

— initialization;

— a model of the atmosphere;

— interpretation of results.

It should be noted that the adoption sys-
tem, along with the entire modeling system, is
developed on the basis of the unit substitutabil-
ity concept. All the units mentioned above are
united into a complex with the help of govern-
ing programme. Then the description of the major
units of the meteorological data adoption sys-
tem and of the complex as a whole comes.

1. Analysis of observation data.

The basis for the development of a scheme
for numerical analysis of observation data was

optimal interpolation method proposed by
L.S. Gandin. This method is an application of
the statistical estimation theory to the problem
of meteorological data analysis. To perform
analysis, the forecast fields and the data on
covariation functions of the errors of obser-
vation and forecast are involved as an addi-
tional a priori information. Generally, the op-
timal interpolation procedure can be repre-
sented as:

Ty = Ty + K(yy —fog)
K = PMTMPMT +0)™
Yo = fog + &

where x, is the n-vector of analyzed fields in
the nodes of regular grid, x;, is n-vector of
the first approximation (forecast being taken
as the latter), y, is m-vector of observations,
K is a (mXm) matrix of interpolation weights,
P is a (nxn) matrix of forecast error covaria-
tions, O is a (mxm) matrix of observation er-
ror covariations, M is a (nXm) matrix for de-
termining the first approximation values at ob-
servation sites, g, is a random m-vector of
observation errors.

The analysis scheme is based on the box
version of optimal interpolation method. Since
the scheme is intended for real data, it con-
tains all the components necessary for the work
with real data: primary processing, box sort,
data management, assignment of statistical
characteristics, the very interpolation into the
nodes of regular grid, and result estimation
procedure. The scheme is developed in such a
manner that one could use it to perform dif-
ferent versions of analysis: two-dimensional,
three-dimensional, multivariant (in the case
of multivariant analysis, the data on several
meteorological elements is involved for the
analysis of one element). This algorithm is de-
scribed in detail in [15].

The analysis for the Siberian region is per-
formed with fifteen standard isobaric surfaces
(from 1000 to 10 mbar) of the fields of the
height of isobaric surface and wind velocity.
The field of pressure at the sea level is ana-
lyzed separately. The data of land and aero-
logical observations is used as the initial infor-
mation; the fields of both the 12-hour fore-
casts of the National Meteorological Centre
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(NMC) of the USA and the 12-hour forecasts
according to the regional model of short-term
weather forecast described below are used as a
first guess. The quality of analysis was esti-
mated both by comparing with the analysis
fields of the NMC of the USA and by estimat-
ing the forecast results using the mathematical
model of the atmosphere.

2. Regional model of short-term weather
forecast.

A baroclinic adiabatic model of the atmo-
sphere in the isobaric system of coordinates is
used in the modeling system (pressure is con-
sidered as the vertical coordinate). An impor-
tant feature of the numerical algorithm of
the realization of this model is the application
of G. I. Marchuk’s idea concerning splitting the
system of prognostic equations over physical
processes [16]. The description of previous ver-
sions of this model, solution procedure and
estimation of the prognostic properties of the
newest modification applied in the system are
reported in [17].

3. Non-linear initialization for the regional
model of the atmosphere.

The initialization procedure is used to de-
crease undesirable effect of inertial gravita-
tional waves on the solution of the system of
equations describing the model of the atmo-
sphere. For this purpose, the fields obtained as
a result of the analysis are projected on the
slow manifold. A detailed description of the
algorithm of non-linear initialization used in
the system is presented in [18].

The system of adoption of meteorological
data for the Siberian region, described in [19],
is the basic technological line “forecast — analy-
sis — initialization” for the development and
investigation of new data adoption methods in
quasi-operative regime and the related calcu-
lations of background fields for the problems
of environmental protection. This system is a
component of a complex system of modeling
atmospheric processes. The numerical experi-
ments performed with the adoption system in-
dicate the applicability of this system for the
adequate estimation of meteorological fields
over the data of operative observations of
meteorological elements.

The results of the operation of adoption
system are the values of the meteorological

fields of the height of isobaric surface, tem-
perature and wind velocity in the nodes of
regular grid. The height fields assigned at the
input and obtained as the output of the adop-
tion system are shown in Fig. 1: the fields of
isolines of the height of isobaric surface of
500 bmbar, obtained with the help of the adop-
tion system, for 0:00 AM of the mean Green-
wich time (MGT) on March 30, 1991 (start of
adoption), and 0:00 AM MGT on April 01, 1991
(end of adoption).

PROBLEMS OF NUMERICAL REALIZATION

The optimal interpolation method was cho-
sen as an analysis method in the adoption sys-
tem. The system was further developed and
mastered using the optimal Kalman filtration
theory. The algorithm of Kalman filter in the
linear case is described in [7].

One of the major problems arising in the
application of Kalman filter algorithm to the
problem of the adoption of observation data
is the high order of covariation matrices. A
series of works is dealing with the investiga-
tion of this problem [20—23]. Simplified mo-
dels for calculating covariations of forecast er-
rors are described in these works.

The simplifications were based on two as-
sumptions. The first one involves the following
consideration: errors of the forecast of the
coefficients of decomposition over eigen func-
tions of the vertical operator L, of the model
(vertical normal modes) do not correlate with
each other. The vertical operator of the prog-
nostic model under consideration is a finite-

2
difference analogue of the operator _9p 9
dp m> ap

2 _ RT (Ya = W)
where M = af—(;, T* is the standart

temperature at the sea level. This assumption
is based on the known fact that the vertical
normal modes are close to the empirical ortho-
gonal fanctions [1, 24]. If during adoption the
estimation according to Kalman filter is made
for the coefficients of decomposition into ver-
tical normal modes independently of each oth-
er, then, since we assume that the errors of
vertical normal modes do not correlate with
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Fig. 1. Height of isobaric surface of 500 mbar for 0:00 AM MGT on March 30, 1991 (a) and for 0:00 AM MGT

on April 1, 1991 (b).

each other, the covariation matrix Pkf of fore-
cast errors will be of diagonal-block structure.
This provides a substantial decrease in the con-
sumption of computer resources. The idea to
perform the analysis of observation data for
the coefficients of the decomposition over ei-
gen functions of the L, operator independent-
ly of each other was authored by G. I Mar-
chuk; it is based on the fact that these coeffi-
cients have substantially different horizontal
scales [1].

The second assumption is that the major
contribution into the forecast error is made by
its large-scale part; so, one can assume that
the errors of the forecast of geopotential and
wind fields are linked with each other by the
geostrophicity equation; in other words, if we
represent the solution of the initial system of
prognostic equations as the transport steps over
the trajectories of particles and adaptation of
meteorological fields, only the transport step
can be used to describe the behaviour of fore-
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Fig. 2. The 6 h forecast of covariations of the errors of

cast errors, while the adaptation step may be
omitted.

In order to meet the requirement that the
errors of vertical normal modes should be non-
correlating at all the subsequent time steps, it
is considered in all the simplified models that
wind velocity fields in the operator of trans-
port over trajectories are independent of the
vertical coordinate p (this means that the back-
ground flux is close to barotropic one); at this
condition, one can calculate covariations of
forecast errors separately for each vertical mode.

In addition to simplified models that involve
quasi-geostrophic assumption, a model for cal-
culating the matrices of covariations of fore-
cast errors in suboptimal Kalman filter is con-
sidered in [22]; it is based on full equations of
hydrothermodynamics. An algorithm to be re-
alized is proposed for calculating covariations
of errors of height and wind velocity with
the help of splitting over physical processes.
The appearance of the covariation functions
to be calculated is shown in Fig. 2 demonstrat-
ing the result of the calculation of the joint
covariation of the errors of height and wind
velocity fields for 6 h (for the central point of
the region).

100° 1107 120°

height fields and wind velocity components U.

To estimate the quality of the simplified
models, numerical experiments were made on
the basis of Monte-Carlo method [21, 23]. With
the help of these experiments it is demon-
strated that the proposed simplified models give
better results than the inertial forecast does,
both for the forecast of matrices and for the
use of the calculated matrices in the analysis.
It is demonstrated that the proposed algorithms
allow to calculate covariation matrices and can
be used in the procedure of adopting the data
of meteorological observations. In the results
of numerical experiments reported in [21] one
can see that small correlation of errors of
vertical modes does not increase with time;
the most important modes are the first 3—5
ones. Because of this, it seems promising to
develop a 3-mode model to describe covaria-
tion matrices.

Since the algorithm involving the splitting
over physical processes requires much more
computer time, we are likely to prefer the
calculation of covariations of forecast errors
using the quasi-geostrophic assumption. It is
demonstrated in [22] that this assumption is
quite reasonable, in particular in the case when
covariations of the forecast errors are homo-
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Fig. 3. Spur of forecast error covariation matrix (tempo-
ral behaviour).

geneous and isotropic. In this work, differen-
tial equations are deduced to describe local co-
variations of forecast errors in the uniform
isotropic case. It is demonstrated that the prog-
nostic model of the transport of substance over
particle trajectories can be used in this case.
Such a simplification does not provide a sub-
stantial decrease in the order of matrices to be
calculated; thus, in order to make it possible to
calculate covariations, we assume non-correlat-
ed errors of the vertical normal modes of the
model. In doing this, covariations are calculated
with the help of transport equations with wind
averaged over the vertical direction. Numerical
experiments performed under this requirement
demonstrate that the covariation matrices ob-
tained in calculations should not be strongly
distorted by the assumptions made.
Experiments on the adoption of the mode-
led meteorological data were made on the ba-
sis of algorithms proposed in [21-23]. Calcula-
tions over 48 h were performed, involving
adoption of the data on geopotential field to
be modeled every 12 h. The observation data
was assigned in the nodes of regular grid in
143 points distributed uniformly over the integ-
ration region. Results of these experiments are
shown in Fig. 3 depicting the behaviour of the-
oretical error of the adoption algorithm based
on Kalman filter, namely, the spur of the
matrix of forecast error covariations. One can
see that the error value decreases every 12 h,
when the adoption of observation data occurs.
In the future we plan to perform numerical
experiments on the adoption of real data on

the basis of algorithms of the suboptimal Ka-
Iman filter, and to apply the results obtained
to the adoption of aerosol data. It should be
stressed that the problem of the recovery of
spatial and temporal distribution of the aero-
sol data requires knowing the distribution of
meteorological data, such as wind, tempera-
ture, humidity; thus, these problems are linked
with each other.
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