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Abstract

A model of synthesis was proposed and theoretically investigated via combustion of a composite in mechani-
cally activated Ti–C, Ti–B, and Ti–Si powder mixtures. The effect of mechanical activation on synthesis modes 
was explored by introducing special activation parameter. As demonstrated by calculations, with its increase, the 
maximum temperature in the reaction wave is decreased during the reaction; combustion concentration limits are 
expanded and the propagation velocity of the reaction front is increased.
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INTRODUCTION

In the last quarter of a century, composite 
materials have been produced by self-propagat-
ing high-temperature synthesis (SHS), and me-
chanical activation (MA) of the reaction mixture, 
which can significantly expand opportunities of 
gas-free combustion [1]. Mechanical activation al-
lows expanding combustion concentration limits, 
using compounds that do not burn under normal 
conditions for synthesis and eliminating the need 
to pressing initial samples [2]. A significant de-
crease in the temperature of initiation of chemi-
cal interaction of reagents and expansion of the 
reaction surface area in mechanically activated 
compounds are also important in practice. How-
ever, as it is not always possible to identify and 
explain the reasons for the existence of different 
modes of synthesis by combustion in experimen-
tal works, it is required to involve mathematical 
modeling of processes proceeding in powder mix-
tures beginning with the reaction initiation step.

Among works devoted to the theoretical sub-
stantiation of MA influence on the kinetic regu-
larities of chemical reactions, publications by sev-
eral authors may be distinguished [3–12]. Paper 
[1] analyses mechanochemical process mecha-
nisms that change contact melting and crystalli-
zation conditions and kinetic equations are sug-
gested to describe transformation degrees in 
mechanochemical processes. In papers [8], kinetic 
regularities of mechanochemical reactions are ex-
plained from the standpoint of their correspond-
ence to S. N. Zhurkov’s formula suggested to de-
scribe the rupture of chemical bonds in polymers 
under load; the total energy yield of MA, and the 
relationship of the energy expended with the 
multiplication of dislocations and the formation of 
new surfaces are analysed. The interrelationship 
between different physical phenomena upon MA 
is observed in V. V. Boldyev’s papers, e.g. [13]. 

In papers [11, 12, etc.], the authors are not far 
away from generalizations of S. N. Zhurkov’s for-
mula and try to interrelate excess energies with 
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broadening spectral lines and further bring to-
gether various processes to changing the effective 
activation energy of the total reaction. The au-
thors of publications [5, 6] estimate energy contri-
butions for different mechanisms of relaxation of 
the introduced mechanical energy with a view to 
explaining the chemical activity. As demonstrated 
by assessments of all types of local energies iden-
tified by the authors (the energy of residual elas-
tic deformation; the elastic energy related to dis-
locations; the energy of newly created grain 
boundaries; and the energy of point defects), none 
of them can serve as a cause for a decrease in the 
effective activation energy of the reaction mix-
tures after MA in actual experiments.

As a matter of fact, the most diverse modern 
activation methods of initial mixtures in synthesis 
technologies for new materials are aimed towards 
making non-equilibrium states of materials and 
their surfaces [14]. The theoretical background of 
current modification methods of material states is 
non-equilibrium thermodynamics, within which it 
is possible not only to explain changing material 
properties under conditions of external effects but 
also predict the nature of their change [15, 16].

The objective of the present research work 
consists in the elaboration and exploration of the 
model SHS for the synthesis of the composite 
based on a mechanoactivated mixture of powders 
with an excess of titanium (Ti–C, Ti–B, Ti–Si). 
Based upon thermodynamic theory, changing mi-
croscopic and thermodynamic properties that can 
be a cause for the observed variation of chemical 
activity is taken into consideration.

GENERAL THEORETICAL STATEMENTS

In order to consider the effect of pre-mechani-
cal activation of powders on the material synthesis 
process in the mode of combustion or thermal ex-
plosion, one may use the activation parameter and 
its interconnection with macroscopic properties.

This parameter is determined according to the 
deviation of the atomic volume of the activated 
material vs its equilibrium value:

h =
W – Weq  (1)
W′ – Weq

where W
eq

 is the maximum volume per the atom 
(molecule) in the equilibrium state, and W′ is the 
volume per the atom (molecule) in the non-equi-
librium (activated) state. In the equilibrium state, 
W = W

0
 and h = h

0
. Near equilibrium state, |h| << 1, 

whereas in the completely non-equilibrium state, 

h = 1 (W = W′). Upon this introduction method, 
this parameter corresponds to the concept of ex-
cess volume and, therefore, it can be considered 
as an additional parameter in the thermodynamic 
description of the effect of external influences on 
the state of materials and on the processes pro-
ceeding in them. Nevertheless, it is required to 
link the value of this parameter and the excess 
free energy corresponding thereto with condi-
tions (e.g., with ball mass in a mill (M

A
)) and MA 

process time (t
A
). Assume that this dependence is 

known from the experiment: 
h = h(M

A
, t

A
) (2)

For the systems under study, let us limit our-
selves to total schemes of chemical reactions: 
Ti + С = TiC (3)
Ti + 2В = TiB

2
 (4)

5Ti + 3Si = Ti
5
Si

3
 (5)

Hence, under conditions of titanium excess, tita-
nium-based composites with inclusions of car-
bide, boride, and silicide, respectively, are formed. 
Or in a single form
n

1
R

1
 + n

2
R

2
 → n

p
P (6)

where n is stoichiometric coefficient; R, P are 
molar concentrations of reagents and reaction 
product, respectively. 
The law of conservation of mass in this reaction 
looks as follows:
n

1
m

1
 + n

2
m

2
 → n

p
m

p
 (7)

Hereafter, everywhere in thermodynamic ratios, 
index “1” would correspond to titanium; “2” – to 
the second element; “р” – to the product of one 
of the reactions. Then, the main form the Gibbs 
equation for the local volume would take the 
form of:
du = Tds + se

ij
r–1de

ij
 + g

1
dC

1
 + g

2
dC

2
 + g

p
dC

p
 – Adh (8)

Herein the internal energy and potential A are 
computed per unit mass. Chemical potentials are 
also measured in J/kg. Measurement units count-
ing on mole are more common in chemistry. All 
other dimensions are as follows: 
[u] = J/kg, [se

ij
] = n/m2; [s] = J/(kg•K), etc.

Self-sustaining combustion mode and thermal 
explosion may not be realised in systems with an 
excess of titanium due to the insufficiency of 
chemical heat. Nevertheless, pre-mechanoactiva-
tion changes the situation [2]. How is the excess 
energy related to the reaction rate under synthe-
sis conditions?

It is known that the rate of a chemical reac-
tion is determined by its affinity, whereas in the 
case of diffusion-controlled processes – also by 
the rate of movement of reagents through the 
reaction product layer. Both the chemical affinity 
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and transfer rates are defined via chemical po-
tentials of components that are nothing but par-
tial Gibbs energies of reaction mixture compo-
nents:
g = g

1
C

1
 + g

2
C

2
 + g

p
C

p
 (9)

where
g = u – Ts – r–1se

ij
e
ij
 (10)

Therefore:
dg = –sdT – e

ij
r–1dse

ij
 + g

1
dC

1
 + g

2
dC

2
 

+ g
p
dC

p
 – Adh (11)

As the additional parameter is a function of the 
main parameters, it can be written:

or
dh = w

T
dT + ws

ij
dse

ij
 + w

k
dC

k
 (12)

where values

characterise the “sensitivity” of the activation pa-
rameter to changing thermodynamic state varia-
bles. Therefore, it can be found from (11) and (12):

dga = –sadT + ea
ij
dse

ij
 + ga

k
dC

k
 (13)

where superscript “a” indicates that this value 
refers to the activated state.
It is obvious that 
g

1
a = g

1
 – Aw

1
; g

2
a = g

2
 – Aw

2
; g

p
a = g

p
 – Aw

p
sa = s + Aw

T
; ea

ij
 = e

ij
 + Aws

ij
In a similar fashion, there are modified all other 
thermodynamic relations, including those using 
which the defining equations in continuum me-
chanics are written and macroscopic properties 
are determined [15].

As it follows from the system of state equa-
tions in the differential form (written on the basis 
of (11)): 

 (14)

where ω is specific volume; αT
ij
 is coefficient of 

heat expansion.
In this case, the heat capacity of the activated 
material is determined as follows:

 (15)

where

 (16)

Ratio (16) is one of the thermodynamic Maxwell 
relations and suggests that as resulting from ac-
tivation, the entropy change is described by the 
same coefficient as changing activation poten-
tial vs temperature. As it follows from the pre-
sented relations and the property of additivity 
of entropy [14]:
Aw

T
 = ω w

k
C

k

In classical thermodynamics, if one knows heat 
capacity vs temperature (i.e. the so-called caloric 
equation of state is known), then it is possible to 
calculate the entropy:

Then

 (17)

Thus, an important factor that should be consid-
ered when explaining the effect of MA is heat 
capacity changes.

In a similar fashion, on the basis of theory [15], 
the relations for chemical potentials of compo-
nents are derived. They allow computing changes 
in chemical affinity and the reaction enthalpy. 
The reaction (6) entropy is as follows:
Ds = n

p
sa
p
 – n

1
sa
1
 – n

2
sa
2
 = n

p
s
p
 – n

1
s
1
 – n

2
s
2

+ ω[n
p
w

p
 – n

1
w

1
 – n

2
w

2
]

For clarity,  the partial enthalpies of the compo-
nents
h

k
 = g

k
 – Ts

k
Therefore
ha

k
 = ga

k
 – Tsa

k
or

Thus, already without apparent consideration of 
linkedness between thermal and mechanical pro-
cesses, one should expect changes of heat capac-
ity and formal kinetic reaction parameters deter-
mined according to thermodynamic data. Based 
on the linear relationship between an increase in 
activation parameter and the potential A, in the 
first approximation, let us limit ourselves to the 
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linear dependence of the reaction parameters and 
macroscopic properties on h, i.e.,
Y = Y

0
(1 + kh) (18)

where Y
0
 is heat capacity, braking coefficient 

and the pre-exponential factor for non-activated 
powder systems; k is a parameter  that would be 
determined from the comparison of calculated 
and experimental data, whereas activation pa-
rameter h would be related to, in the first ap-
proximation, mechanical activation duration.

MATHEMATICAL FORMULATION OF THE PROBLEM

The mathematical model of the reaction initia-
tion process in a powder mixture would be con-
sidered as follows. The sample is a cylinder of the 
radius (R) consisting of two layers of powder fill-
ings. Let us make the following assumptions: the 
temperature along the sample diameter is uni-
form; the igniter and the ignited mixture are gas-
free. Assume that layer 1 (igniter) is a stoichio-
metric mixture of titanium Ti and Si powders, 
filling thickness is l (i.e. ζ

0
(Ti) = 73.9 mass %, 

ζ
0
(Si) = 26.1 mass %, or Ti/Si = 5/3 (in at. %)), 

which corresponds to reaction (5).
The second layer of thickness L (ignitable 

mixture) is a mixture of Ti and C (soot) powders 
or Ti + Si or Ti + B; however, the mixture is not 
stoichiometric. Let us assume that titanium in the 
second mixture is present in excess, hence not 
being completely consumed in the reaction. 

In the equation of energy, heat losses to the 
environment at the expense of convection (if the 
synthesis is carried out under inert gas) and heat 
radiation. Thus, heat conduction equations become 
as follows:

where k = 1, 2, the indexes “1” and “2” refer to 
the igniter and the ignited mixture, correspond-
ingly; T is the temperature; ζ

k
 is the reagent frac-

tion; t is time; x is spatial coordinate; λ
k
, c

k
, r

k
 are 

the effective thermal conductivity, heat capacity 
and density of compositions, respectively; Q

k
, α, 

s
0
, e

0
, and R are the total heat effects of the reac-

tions, the heat transfer coefficient into the environ-
ment; the Stefan-Boltzmann constant, the degree 
of blackness, and the radius of layers, accordingly.

The exponential law would describe inhibition 
of the reaction by a growing layer of solid-phase 
products [17]. Kinetic functions in the equations 

for the igniter and for reaction mixtures are as 
follows:

 (19)

where k
0k

, E
a
, R

g
, and b

k
 are pre-exponents, reac-

tion activation energies; the universal gas constant; 
and stagnation parameters, respectively (k = 1.2).

Kinetic equations for component concentrations 
are written on the basis of reactions (3)–(5) for the 
appropriate region and the selected mixture:

It is believed that there is heat contact between 
the layers:

The reaction in the igniter is initiated by a spark. 

x = 0: λ
1

∂T
1 = q

0
d(t)

∂x
where q

0
 and d(t) are the power density of the 

source and the Dirac Delta function, correspond-
ingly.

Away from the bedding interface, there is the 
adiabaticity condition:

x = l + L: –λ
2

∂T
2 = 0

∂x
In the initial time moment:
t = 0: T

1
 = T

2
 + T

0
, ζ

1
 = ζ

2
 = ζ

10
, ζ

2
 = ζ

20

where T
0
, ζ

01
, and ζ

02
 are the initial temperature 

and the initial concentrations of mixture compo-
nents, correspondingly. 

The melting of one of the reagents (titanium) 
is taken into account by changing the effective 
heat capacity and the density in the neighbor-
hood of the melting temperature as follows:
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where indexes s and L, and also Q
ph

 and T
ph

 are 
parameters of the solid and liquid phases, the heat 
of the phase transition, and the temperature of 
the phase transition, respectively.

As during the SVS process, the initial pressing 
of the reagents is porous, the structure of the pow-
der system is changed, however, is unknown an 
arbitrary point of time, then calculations use the 
effective properties calculated according to the 
rule of the mixture and using the formula pro-
posed in [18]:

where e
p
 is porosity. Analogously, effective prop-

erties for the second (reaction) layer were deter-
mined.

The problem was solved numerically. The al-
gorithm for solving the problem and finding the 
rate of the reaction front is described in [19].

The reference data were used upon solving 
the problem [20]. Table 1 presents thermophysical 
properties of titanium, and also titanium silicide, 
titanium boride, and titanium carbide.

Table 2 represents the values of kinetic pa-
rameters for overall reactions, with which the 
calculations were performed [21–23]. It is adopted 
that l = 1 cm, L = 5 cm, R

1
 = R

2
 = 2.5 cm, 

α = 103 W/(m2•K), and s = 5.67•10–8 W/(K4•m2); 
other parameters were varied.

RESULTS AND DISCUSSION 

In order to determine apriori unknown pa-
rameters of reaction inhibition with products (b

k
) 

for the Ti + C system, dependencies of the prop-
agation velocity of the reaction front and the 
maximum temperature in the second layer on the 
excess fraction of titanium at different values of 
b

2
 were plotted (Fig. 1) for compositions without 

MA. The acquired results were compared with 
experimental data.

As can be seen in Fig. 1, а, the propagation 
velocity of the reaction front agrees well with the 
experiment upon the value of b

2
 = 10 (curve 4). 

Calculations for two other compositions (Ti + Si, 
Ti + B) were carried out with this value of b

2
 

having yielded a fairly satisfactory fit when com-
paring the maximum temperature in the com-
bustion wave with the experiment (see Fig. 1, b).

Thereafter, unknown parameters for assessing 
heat capacity and the braking coefficient, and 
also the pre-exponential factor for formula (19) 
were determined. The optimum values for pa-
rameters were found having given a satisfactory 
fit with experimental data [24] (Fig. 2 and Table 3, 
k

c
 = –0.1, k

b
 = –0.2, and k

k0
 = 1. Indices с, b, and 

k
0
 are referred to parameters for determining the 

heat capacity, the braking coefficient and the pre-
exponential factor, respectively).

The determined parameters were used in 
calculations for the same system, i.e. titani-
um – carbon, but for a different mass ratio 

TABLE 1

Thermophysical properties

Compounds r
s
/r

L
, kg/m3 λ, W/(m2•K) c

s
/c

L
, J/(kg•K) MP, K

Ti 4540/4120 22 498/687 1941

Si 2330/2520 150 690/979 1687

Ti
5
Si

3
4320 26.8 430 2403

TiC 4900 21.9 696 3533

TiB
2

4520 24 647 3466

TABLE 2

Kinetic parameters of reactions

No. Reaction Heat (Q), J/cm3 k
0
, s–1 Е

а
, J/mol

1 5Ti + 3Si → Ti
5
Si

3
7685 0.374•1015 205 200

2 Ti + 2B → TiB
2

21 062 0.354•1014 178 700

3 Ti + C → TiC 15 155 0.157•1014 117 000
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(Ti/S = 70 : 30). A satisfactory fit between ex-
perimental [24] and calculation data (see Table 3) 
was obtained.

Unknown parameters were similarly deter-
mined for two other two compositions (Ti + Si, 

Ti + B), proceeding from experimental data 
[25, 26]. This is not shown in the figures.

As demonstrated by the detailed research (see 
Fig. 3), if a powder mixture of reagents was not 
exposed to mechanical activation, then after the 

Fig. 1. Propagation rate of the reaction front (a) and the maximum temperature (b) vs braking parameters and calculated excess 
of titanium in reagents: b

1
 = 10, q

0
 = 1.3 kW/cm2; b

2
: 1 (1), 2 (2), 5 (3), 10 (4).

Fig. 2. Propagation rate of the reaction front (a) and temperature (b) vs time for different values of the activation parameter for 
the composition Ti/C = 50 : 50 by mass. b

1
 = 10, q

0
 = 1.3 kW/cm2; h: 0 (1), 0.2 (2), 0.9 (3).

TABLE 3

Maximum temperature of the reaction mixture and rate of the reaction front

Composition MA time, min h Т
max

, K V
f
 cm/s

Theor. Exp. Theor. Exp.

Ti(50) + С(50) 0 0.0 3025 2950 0.91 0.8

150 0.2 2945 2900 1.20 1.1

300 0.9 2905 2973 2.65 2.8

Ti(70) + С(30) 0 0.0 2512 2553 0.56 0.6

150 0.2 2311 2323 0.75 0.7

300 0.9 2355 2373 2.83 3.0



 MODELLING SYNTHESIS VIA COMBUSTION OF COMPOSITES 521

initiation of the wave in the reaction mixture, the 
process proceed in an unstable self-oscillating mode 
(see Fig. 3 left, solid curves).

Synthesis for the activated system proceeds 
quite persistently after reaction initiation at h = 0.2. 
Furthermore, after low vibrations, the wave 
propagates in the reaction mixture at a constant 
rate (see Fig. 3 left, dashed curves). The maxi-
mum temperature in reaction wave is lower for 
activated compositions, whereas the propagation 
velocity of the reaction front is higher compared 
to the composition without MA. As demonstrated 
by experimental research, the percent composi-
tion of titanium not entered into the reaction was 
not higher than 60 % upon the synthesis of clus-
tered titanium carbide by SHS [15]. This refers to 
the theoretically calculated composition of titani-
um and carbon for the Ti + C = TiC reaction 
under the assumption that it would pass to the 
end (yielding stoichiometric carbide and remain-

ing unreacted Ti, ζ
e.Ti 

= 60 %). Calculations have 
shown that the maximum value of unreacted ti-
tanium in the composite may be increased to 80 % 
for h = 0.2.

As demonstrated by calculations for two 
other compositions (Fig. 4), the broadening of 
the concentration combustion limit is probable at 
h = 0.2 compared to powder formulations with-
out MA. Composite synthesis in the combustion 
mode after MA is likely in case of ζ

e,Ti 
= 70 % (the 

limit is 40 % in experiments without MA). Com-
bustion mode for Ti + B after mechanical activa-
tion may be implemented upon clustered titanium 
content to 75 % (the limit in experiments without 
MA is 60 %).

CONCLUSION

Thus, as demonstrated by the synthesis model 
of a composite in Ti–C, Ti–Si, and Ti–B sys-

Fig. 3. Temperature X (a, b) and reaction front velocity (c, d) for the non-activated (h = 0) and activated (h = 0.2) compositions 
at successive time moments. q

0
 = 1.3 kW/cm2; the initial concentrations of components in a powder mixture: a, b – ζ

01,Ti
 = 84 %, 

ζ
02,C 

= 16 % (ζ
e,Ti 

= 30 %); c, d – ζ
01,Ti 

= 96 %, ζ
02,C 

= 4 % (ζ
e,Ti

 = 80 %).
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tems considering reaction inhibition with product 
layer and mechanical activation of reaction lay-
ers, preliminary MA significantly widens the con-
centration limit of combustion. It has been shown 
on an example of the Ti + C system that com-
pounds exposed to preliminary mechanical acti-
vation burn more steadily than those without 
MA. The proposed model has predictive proper-
ties already in the first approximation. For exam-
ple, it has been demonstrated that upon the value 
of h of 0.2, one may obtain composites for the ti-
tanium – carbon titanium rich (ζ

e,Ti 
= 80 %), tita-

nium – silicon (ζ
e,Ti 

= 70 %), and titanium – boron 
(ζ

e,Ti
 = 75 %) systems.
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