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YPABHEHNSA KOJEBAHHII CTEP;KHEN IEPEMEHHOTO COCTABA

B. M. Cunompos, B. M. Yepnoviures
(Boazozpad)

Ilomygens nuddepeHIManbHble YPAaBHEHUSA s 0OINETO CIydass HIPOJOIbHEIX, KPYTUI b=
HBIX U IOIePeYHHX KOjJeOaHWi CTepsKHeil, B KOTOPHX IPOUCXORUT OTHEJeHUe W MPUCOeIU-
HeHUe MacC K HEeKOTODHIM UX dacTaM. [laeTcs pemmeHWe HEKOTOPHIX JaCTHHIX 3a7ad O KoJie-
GaHUAX TAKHX CTeDP/KHeH MepeMeHHOTO COCTaBa.

IIpu BEIBome 0000IIeHHBIX ypaBHeHWil KOJeGaHUil CTepKHeHl NEePeMeHHOTO COCTaBa
HCIIOJIB3YIOTCA THIOTEe3a IIOCKUX CedeHMil, TUIOoTe3a MAaJOCT! AedopManuii u gpyrue oObII-
HBle YOPOINeHNUsA. YTNPOINAINUM IIPEANONOKeHNeM SBIseTCH U TUIOTe3a GIM3KOeHCTBHA,
T. €. CUATAETCs, UTO OTHENANINNECS W IPUCOCTUHAININECS TaCTUIH B3aUMOLEHCTBYIOT CO
CTep)KXHeM TOJBKO B MOMEHT HEMOCPe[CTBEHHOI'0 KOHTaKTa. CHIIB BHYTPEHHETO HEYIIPYTOoro
COIIPOTHUBJIEHNUA He yIUTHBaloTcsA. [l penonaraercsa Takxe, 970 B HeieOPMIPOBAHHOM COCTO-
AHNH YIPYTas oCh IPAMOJMHEHHA U IEHTPH TAKECTU MOMEPEeIHBIX CedeHU He CMeIaloTCsA U3
CBOEr0 IePBOHAYAIBHOTO MOJOKEHNA OTHOCUTEIBHO TONePeIHHX cedeHUil. VI3MeHeHUe Mac-
CHl e[IMHUIB] IJINHBL CTEPIKHSA MOKeT NMPOMCXOAUTH KAaK 3a CUET M3MEHEHHs IUIOTHOCTH, TaK
U 3a Cc9eT W3MEHEHUS IUIOMAH IOMePedHOTO CeYeHMA, MOHMMAaeMoil KaK o0befuHeHUe Ha-
9aJbHOH IJIOINAJY MOI PEIHOTO CeIeHUS U IJIOM[afiell OTAEIUBIINXCA M IIPUCOeJUHIBIINXCSA
gacTui,. Kpome Toro, co crepkKHeM MOTYT OBITH CBSA3aHHI JACTHUIH II€PEeMEHHOH MaccH, pac-
IpefieJieHHEe HENIPEPHIBHO WK AUCKPETHO 1o ero miauHe, Cunraercs, 9T0 OHN He B3auMofeii-
CTBYIOT MeKAY c000if, a TOJBKO CO CTepKHEM.

1. YpaBHenus npogosIbHbIX M KPYTHIIBHBIX KOJle0aHmii crep:kHEil mepeMeH-
Horo cocraBa. Cumraercs, 9T0 mpu OPOTOIBHHX KOJEOAHUAX NPUCOETUHIIO-
muecs (OTHeNSA0MUEcsI) YaCTUIB ABUKYTCS BJOJNbL OCH CTEp;KHS C PaBHBIMI
10 BeJUYUHE CKOPOCTAMHU JJIS OHOTO W TOTO ;K€ MONEpPeYHOT0 CeYeHHUs CTep-
#HA. [lpm KpyTuabHEIX KoaeOaHWAX TJIaBHBE BEKTODH PEAKTHBHHIX CHJI
OT[eIAOMUXCA I NPHCOeTUHGOMMUXCA K CeYeHHI0 JaCTHUIl PaBHHE HYJIIO, a HX
MOMEHTHI MapajlieJbHBl OCH CTePIKHA. [[0CTATOYHO MOJTYyYUTH ypaBHEHHE HpO-
TOJNBHBIX KoJeOaHWi, MOTOMY 4TO ypPaBHEHHE KPYTUIBHHX KoJeOaHUA MOIy-
9aeTcs W3 HEro Ha OCHOBAHWM HM3BECTHHIX AHAJOTHUH.

BriBeem cmawana ypaBHeHHe CBOOOMHBIX KoJeGaHWI CTEpPIKHA IepeMeH-
HOTO COCTaBa CO CBSI3AHHBKIMU C HUM He B3aUMOMEACTBYIOMUMH pacIpe/eIeHHbI -
MU 9YacTHIIaMu mepeMeHHO# Maccel. IlycTts u (z, f) — mepeMemeHue momeped-
HOro ceuenus crepyusa; F (z, f) — miomans momepewnoro ceweHus; E (z,
t) — mopyus ympyrocta; m (z, ) — Macca eIWHUIEl AJWHEL CTEPKHA K MO-
MeHTy Bpemenu t; m, (z, ) — Macca CBA3SAHHHIX C eUHUIEN IJIMHB CTePKHSA
pacmpefielIeHHEIX HEIPEePHBHO, HEe B3aMMOMEHCTBYIONIMX YaCTHI[ K MOMEHTY
Bpemenu t; vt (x, t), v~ (x, ) — CKOPOCTH TPUCOETUHAIOMUXCA U OTHEIAIO -
MUXCA 9YacCTHUI[ CTep:RHs; v,T (z, £), v, (z, {) — aHATOTUIHBIE CKOPOCTH MAJA
CBA3AHHHIX CO CTep;KHEM YaCTHII.

YpaBHeHue TPOJOJNBHHEIX KojJebaHWP molydaeTcss m3 HE0OXOMHMOTO YCJO-
BUA 9KCTpemMyMa (yHKIuoHama [!]
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U uMeeT BHUJ
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om* .o om _ omot omo —
— v 1 v -+ ato vt + 5 Vo (1.1)

rge | m x — JiWHA CTEP/KHA M KOOpAMHATa, OTCIMTHIBAEMAas OT KaKOTro-Imbo
ero KOHIA.

Macca equuuIps IIUHEL CTePKHs m (z, t) U Macca m, (Z, t) CBA3AHHEIX C eI~
HULEH MJIMHBl paclupeeeHHBX HEIPEePHBHO, He B3aUMOJeHCTBYIOIMUX JaCTHI]
K MOMEHTY BpeMeHH ! COOTBETCTBEHHO pPaBHEL

m(z,t) = m°(x) +m* (z,t) + m~(z,t)
mq (z,t) = my’ (x) + my* (z,8) +m ~(z,%) (1.2)

3mecs mt (z, t) > 0, m~ (x, t) << 0 — Maccw gacTuI|, OIpUCOEJUHUBIINXCSA
X OTHEJUBIIMXCA OT eNUHHUIGI [JJIXHB CTEPKHS K MOMEHTY BpeMeHH {;
myt(z,8) >0, my~ (z, «y= v — Macchl He B3aUMOJEHCTBYOMUX JaCTHUI, IIPUCO-
eIVHUBIINXCA M OTHENMBIIMXCA OT EIMHUIB [JIMHBI CTEP/KHS K MOMEHTY I;
m° (x) — HadaJubHAsg Macca eNUHMIB JJIMHBI CTePIKHA; m,° (r) — HadaJbHAA
Macca He B3aMMOJEHCTBYIOIMUX MEKIY CO00M 9aCTHIl, CBA3aHHBIX C eJHHHUIEH
IJIAHBL CTEPIKHA.

B maganpneii Moment ¢t = 0

m*(2,0) =m~ (2,00 =0, -2—>0, =<0
me* (2,0) = my™(2,0) =0, >0, 2

Unens B mpaBoii gactu ypaBuenus (1.1) mpegcTaBiasiioT co6oit peakTUBHEIE
CHJIBl OPUCOEJUHAMUXCA U OTAeIAOMUXCSA YACTHI[ B UX a6COTIOTHOM IBUKE-
HUH.

Vpasuenne (1.1) moxeT GBITH IpPEACTABIEHO B BHJIE

) 0%u 0 ou ) __ Om* + ou
(m 4 mo) - — 55 (EF 5 ) = =5 (v — =) +
. Om~ [ __ ou\ , Omot [ . ou\ , Omo~ [ _ ou \ 0o

IlpaBass gacts ypaBuenus (1.3) — peakTuBHBIE CHIBL B OTHOCHTEJILHOM
OBUKEHUM NPUCOCNUHSAIOMUXCS U OTACIAIIUXCA YaCTHII.

Ilpu peficTBuu Ha CTep;KeHh BHEIIHMX CHJI B IIpaBble YaCTH yPaBHEHUI
(1.1), (1.3) caemyer BBeCTM 4i€H, YYMTHIBAIOIUI 5TH CHJIHL.

Ecau co crepskHeM CBA3aHB JIMCKPETHHIE IEPEMEHHBIE MacChl B TOYKAaX

Zy, Xy ..., Ty, TO CHIA, C KOTOPOH i-A Macca HeiiCTByeT Ha CTEPIKEHB, paBHA
d du \ dm.t dm.”
I — m- —
dt voodt

3meck u (z;, t) — mepeMemeHHe IOIEPEYHOTO CEYCHUA C KOOPAMHATOM
Zi; 0;°\7), v;~ () — CKOPOCTM HPHCOEIUHAIIUXCA U OTAEIAIMUXCA JaCTHUI]
i-it maccrr (i =1, 2, ..., n); m;* (¢) > 0, m;” (£) << 0 — maccsl, npucoeuHIB-
muecs K YacTHUIE ¢ KOODAWMHATOH z; M OTJEeNUBIIAECS OT Hee K MOMEHTY Bpe-
MeHHU .
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B nmaganpumiii Mmoment ¢t = 0
dm.t dm.~

mit (0)=m; (0) =0, —— >0, —2— 0 (=12,

Macca guCKpeTHO pacmpefieseHHBIX YacTUI[ K MOMEHTY BpeMeHM ! paBHa
D mit) = D) (me + my* + my)

rge m; = const — HavalbHag Macca 4YacTHUIH, CBA3aHHOH CO CTep:KHEM
B TOYKe C KOODAMHATOH Z;.

YpaBHenus OpOXOJBHBIX KoJeOaHWII B 9TOM ciaydae mprobpeTaioT BHJ

d ’ d ’ ou (z;, 1) ‘ ( x d
o1 at Lo mi—%; o(x—a) -2\
1=
om* + om~  _ omot , omo~
v @ VTt & 2 % (14
dm, dm.~
X —— it +—— i o (z —zy)
n
o%u d?u ou
(m 4 me) - — D) mi——— o (& — @) — —— oz
om* du omot
ot at ot ) + at
n
amo ou 1
T ~ ot +§1 T’ — |+ (1.5)
dm.~ { _ du
+— | I}c (x —

B sTtux ypaBHeHHsXx O — MMOyJabcHBHasA (YHKIWA HEPBOTO IOPSKA.

[ast monyueHusi ypaBHEHUN KPYTHJIBHBIX KoOJeOaHWl CTePIKHS IepeMeH-
HOTO cocTaBa B ypaBHenusax (1.1), (1.3), (1.4) u (1.5) ciexyeT 3aMeHUTH BeJu-
YU HBI, COOTBETCTBYIOIUE MOCTYNATEIHFHOMY ABUJKEHUIO IONEPEYHOTO CEeIeHUs,
AQHAJOTUYHLEIMH BeJHYMHAMH BO BpamaTEJbHOM [BUKEHUN.

Hawanbusie m rpaHmuHble YCHOBUS IS 3TUX YPaBHEHHH COCTABJIAITCH
TaK jKe, KaKk W IJIsA ypaBHeHWH KosebaHmil crep;KHeil MOCTOSIHHOTO COCTaBa,
MOTOMY YTO PEAKTUBHBIE CHJIBI MOKHO PACCMATPUBATh KAaK BHENIHIOIO HAaTPY3KY.

Cieqyer OTMETHTH CIyd4ail HPUCOEIWHEHWsI W OTHEJEHUS 9acTHI K OIHO-
POIHOMY CTEPIKHIO C HYJIEBRIMU OTHOCHTEJIBHHIMHU CKOpocTssMu. Ilpu sToM mioT-

HOCTb ¥ MOJYJb YOPYTOCTH CTEP;KHs He N3MEHAIOTCH, a Macca eUHUNBl [ JIUHEL
CTep;KHS paBHA

m(z, t) =pF, (@) f@®), (>0
rae P — WIOTHOCTH, F, () — HavaabHAsA WJIOMAJb MONEPETHOTO CEICHMA.
VYpaBuenue KoseGanuit B 5TOM ciydae UMeeT BHUI
0%u a2 0 1, Ou)\ E ., const
a2

T. €. Koae0aHMA NPOMUCXOOAT TAaK, Kak ecjau Ob He OBIIO IPUCOEJUHEHUA W
OTJeJIeHN s YaCTUL,. ITO 00DBACHAETCA T€M, YTO HJOIMIAAKM IOIEePEYHHIX CEeYeHUH
U3MEHSIOTCA BO BpeMeHM HONOOHBKIM 00pasoM.
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IIpumep. PaccMoTpHM CBOOOAHBIE KOJEOAHMS CTeP/KHS ¢ 3amEMICHHEIMI KOHIAMIL.
III0THOCTH W MORYJIH YHOPYTOCTH IOCTOSHHHL. IIPOMCXORMT OTAeNIeHNe YAaCTUI] C OTHOCUTEIb=
HO# CKOPOCTBIO

v" = (204 1) du /ot (@>0)

[10manp TOIEPEIHOTO CeYeHUsI MEHSAETCH BO BPeMeHH 1o 3akoHy F — ¢!, B mauams-
HEI MOMEHT

ou (2,
w0 =f1@), B0 _ g

YpaBHeHne KoneOaHWH CTEP/KHS TIPHHNMAeT BHJ

0%u ou . 0%u . E
W—l—ma—t—a —6?2—:0’ a=T=const

OHO OJHOCTHIO COBHAZaeT ¢ yPaBHeHNEeM CBOOOJAHEIX KoleGaHMil CTeP/KHS IOCTOAHHOTO
COCTaBa C CONPOTUBIEHHEM, IPONOPIUOHANBHEIM [EePBOIl CTemeHU cKopoctu [2]

2. YpaBHeHus mnonepeyHbIXx KosefaHuid. CKOpPOCTH OTHEJAIMUXCA WU
NPUCOEAVHAIOMMUXCA YACTUI[ NEPUEHIUKYISAPHH HEHTPAJIBHON IIOCKOCTH.
Hus nmpucoenmHsiomuxcsa (OTAeNAOMMUXCA) JACTUL 33 BEJIUYUHY CKOPOCTH
fepeTcsi cpefHee 3HAYEHUE CKOPOCTH YACTHUI[, IPUCOETUHAIOMUXCA (OTHEIAI0-
muxcs) mo o6e CTOpOHB HEWTPAIbHOM WI0CKOCTU. [[J1s1 monydenus cBOGOIHBIX
n3rubHBIX KoJeGaHUA CTep;KHS MePEMEeHHOI0 COCTaBa 0e3 COeMHEHHBIX ¢ HUM
DUCKPETHBIX MAacC COCTaBJIseTCs (PYHKIUOHA

S -
+ 2] vt v Sy vy |y} dode

rje y (z, t) — momepedHoe cMeImeHNe yIPYroi ocu crep:xHs; J, (¢, £) — MOMEHT
UHEPINN eIWHUIBl JJIUHEl CTeP;KHS BMECTe CO CKPENJEHHBIMU C HUM HE B3aul-
MOIeHCTBYIOMUMH MeKAy CO00M YacTUIaMU OTHOCUTEIHHO I[EHTPAJbHOU OCH,
OepHeHJUKYJIAPHOA MI0CKOCTH Kouebauuit; J (x, ) — MOMEHT MHEPIUU IIOIE-
PEYHOTO CeYeHUsI CTePIKHS OTHOCHUTEJIBHO HEWTPAJbHOUW OCH CEeYeHHUs, NepUeH-
TUKYJIAPHOA IIOCKOCTH KouebaHuit; P (z, f) — MHTEHCHBHOCTH IPOJOJIBHOR
pacrAruBaiomen CUJIBL.

YpaBHeHUe MOMEPEeYHBIX KOJeGAHUI CTEepIKHs MEePEeMEHHOT0 COCTaBa Hpef-
cTaBiasieT co0oil ypaBHeHHe Jiiepa MJs HANUCAHHOTO (JYHKIIMOHAJIA

== [+ mo) = |- () - (BT 5) - @

0 [ Oy om+*

om~

,

0m0+ 4+ amo_ -

Ecnu u3BeCTHHIMU ABAAIOTCA PEAKTUBHBIE CHJIbI B OTHOCUTEJIHHOM JIBUKEHUN
OPUCOETUHAIOMUXCA U OTAEJAMUXCA YacTUI[, TO 3TO ypPaBHEHHE MOKHO
IpeacTaBUTh B ¢opMe

A SN O YR I P
= a$+(”+— 'gztl_)_‘__ - T>+ 8rgt (v°+'—'%")+ at (v°‘——éﬁ_)

Ecau co crep:xHEM K TOMY K€ CKPEILJIEeHbI IIePeMEeHHbIe MACCHl, TO [JIA TAKUX
KoJieGaHUN ypaBHEHHUs moJjydaiorcss amamormuso (1.4) u (1.5)
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9 ' dy )
o L ma e
=
2 ) o4y om*
dz ot (']0 gzor ) T dx? (EJ ox? )_ oz ot (2.3)
om omo* omy~ _ _ dm.=
ot vo + ot UO _l_ i dt 123 )G(Z - xi)
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o d?y 52
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1 1
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B crepmuax, IIuHA KOTOPHIX 3HAYUTEIHHO MPEBHINAET IONEPedHble Pas-
MepH, MOKHO TpeHe6peds HHepuel Bpamenns, u B ypasaenuax (2.1) — (2.4)
OMyCTUTHh WiI€H, copep:kamuit J .

HaganbHsle u rpaHWYHBIE YCIOBUA IS TUX YPABHEHWI 3aOMCHIBAIOTCS
TaK jKe, KaK U [JIA ypaBHEHUH TOMEePEeYHBIX KOJe0aHWi CTepyKHel MOCTOSIHHOTO

cocCTaBa.

ITpumep. PaccMorpuM cBoGOmHEIE KOJIEOAHUS OXHOPORHOTO CTEPIKHA IPAMOYTOJBHOTO
CedeHNsd, IaPHUPHO OMepPTOro mo KoHmaM. CHMMMeTPUYHO OTHOCUTEJIHHO HEWTPAJIbHOM IJIOC-
KOCTH Ha CTePyKeHb HAIBLIAETCA TOT }Ke MaTepuall, i3 KOTOPOTO COCTOUT cTepskeHb. CpenHue
OTHOCHUTEJbHEIE CKOPOCTH PAaBHH HYNI0. B HaJaJbHBIA MOMEHT

9y (z, 0)
y(xy 0)=:f1(.22), ot

ToamuHa MOMEPEYIHOr0 CeIeHUA MeHAeTCA 1Mo 3aKoHy 2 — 2 V 3e! . CiemoBaTelbHO
t
J/F:e2 y FE/p=a?=const

Nuepnueli Bpamenus npenedperaeM. KoseGaHus TaKOTO CTePKHS ONMCHBAIOTCSA yPaB-

HeHHIeM
Py t
2,2 _

ot G —0

Paspensisa mepeMeHHBIe, PellleHHe 3TOTO yPaBHEHUS MOKHO HOJY4IHUTH B opme

¥, )= D [4.Jo(p,e) + B, Yo (pye)] sin L2

p, = kntal-?

A, — 2 Xl [sz; (py) + f2 ]sin ’”;“’ dz

kmx dz

A=1Io (py) Yi(py) — In(py) Yo(py) (+=12-0)

3mecw I, I, Yo, Y; — dyrkmun Beccens nepsoro u Broporo popa [3].
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B sawxmodenme oTMeTHM, 9TO ypaBHEHHS KoJeGaHWil CTepP:KHEH IepeMeH-
HOTO COCTaBa OTJIMYIAIOTCS OT YpaBHEHUN KoixeOaHUIA CTEepPIKHEH IOCTOSHHOTO
cocTaBa JIBYMS CYIECTBEHHHIME jeransamu: 1) KospUIMEHTH NpH LTPOM3BOA-
HBIX MOTYT OBITH QYHKIUAMEA HE TOJIBKO KOOPAUHAT, HO W BpEMEHHU; 2) K BHEII-
HUM HArpy3KaM [o0aBISAIOTCS PEaKTUBHBIE CHJIEH.

Cremyer TakKe 3aMeTUTH, 9TO DA/ 3aad HPUKIAJHONX Teopun KojebaHmin—
mapaMmeTrpuueckne KojgebaHWs, aBTOMaTHUecKas OalaHCHpPOBKA HaNBIIEHHEM
Macc, aBToMaTudecKoe neMudupoBaHue KojebaHuit 6aI0K HaHeCeHHWEM B y3Jaax
KojebaHu#t (HampuMep, HaUBLIeHUEM) AeMIQUPYIONINX MOKPHTHH U Apyrue —

MOTYT OBITH PacCMOTpPEHBl KaK 9YacTHHIE CJIydal KoJjeGaHUil cTep:KHeH mmepe-
MEHHOTO COCTaBa.
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