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O QUCNEPCHOHHBIX COOTHOMEHHAX AJA YNPYTIOCTH
1 NOJATINBOCTI

T. . lllepmepeop

(Cmanurck)

YcranasiuBaoTess AUCIEPCHONHEE COOTHONIEHM:, CBA3HBAION[MEe MHMMEE M gedcTBI-
TeJbHEE YacTu yupyroctu (Momyis IOura mam casura), a TakKe HOZATINBOCTH. Ilomyuen-
HEI€ COOTHONIEHMS COIOCTABIAIOTCA ¢ M3BECTHEIME AUCIepcHOHHEIME ¢opMyramm I'pocca
Aas yupyroctu m Kpamepca Aasf AW3IEKTPHYECKOM IPOHUIIAeMOCTH.

KoMonercusiii Momyab yupyrocTu (casura mam IOHra — B 3aBHCHMOCTH OT THHA KO-
nefanvii) IMAPOKO MCHOIB3YEeTCH [ OLMCAHUA 3aTyXaWIHUX KoxeGaHWMA B TBepOHX Te-
Iax — Meraiiax, Dommmepax u ap. Hanpumep, fnsA mM3ydeHNA ABIEHHs HeYOPYTroCTH B
MeTaJuraX vacTo IPHMEHSeTCs MeTOf KPYTHIBHHX KoneGammil. Ilpu sToM 00HYHO M3Meps-
10TCA TaHreHc yraa casura $as tg ¢ MesRAy HampsiKeHHMeM 6 M gedopmanmeil ¢ B QyHKIMK
TeMIlepaTyphHl, a TaKe, HECKOJbKO perKe, KBaZpaT cOOCTBEHHOR 4acTOTH. IIOCKOIALRY Heii-
CTBUTEILHAA YACTh MOMYJSA CABHIa IPOHOPIMOHANbHA KBAagpary COOCTBEHHOH YacTOTHI, a
tg o ompepensdercs OTHOUIEHMEM MHHMON 9acTH MOAYJA CABHTA K ero AeHCTBHTENbHOH gac-
TH, TO 3THX [AHHHX BIIOJHE TOCTATOYHO [JIA HAXOMJEHMSA YaCTOTHOHU 3aBHCHUMOCTH KOMI-
JEKCHOr0 Mopgysis. IIpum 9ToM DepecdeT OT TemIepaTypHOH HIKAJNH K IIKajJe 9acTOT Ocylie-
CTBIACTCA IyTeM COBMEIEeHHS ABYX KPUBHX tg ¢ B dyHKImE o6paTHO#l abCoaOTHON TeMm-
mepaTyphl, HOJyYeHHHX SKCIEPHMEHTAJIbLHO IPH Pa3HHX gacTorax (cMm. [1]).

Ileapio HacToAmied paGoOTH ABISAETCA M3yIeHUEe CBABN MEHKAY MefCTBUTENHLHON M MHH-
MO 9acTAMHU KOMILIEKCHON YyIPYIOCTH, IO KOTOPO! MOKeT IMOHMMAThCA Kak Moxyas IOura,
TaK M MOAYJb CABUTA, 4 TAKKe M3ydeHNe CBA3W MEKIY AellCTBHTEIbHOUM M MHHMOI gacTs-
MM OONATINBOCTH — BEJIMYMHE, OOPaTHOH YHOPYTOCTH.

B kadecTBe HCXOXHOTO ypaBHEHHS BOCIOJIb3YeMCS BHIPaKeHHEM KOMILIOKC-
HOIl ympyroctu depe3 (yHKIMIO pacHpefeleHNss KOHCTAHT peidaxcaruit ¢ (s),
KOTOPOe MOKHO IIOJIYYHTH HpPH IIOMOIIM TePMOAMHAMUKM HeoGpaTHMHIX IIpo-
meccos [23]

M = M° —10L% (— o) (1)

rme M° — paBHOBecHOe B3HadeHHMe YIOPYLOCTH, ® — NUKIHYecKasA 4YacToTa,
L. — omeparop mHTerpaixbHOro mpeobpasoBaHusa Jlammaca m mepuommuecKumit
10 BpeMeHH MHOKUTENH BHOpaH B BHXE eXp (—iwi).

W3 Bupamenusn (1) caenyer, aro gefictButenbHasg M’ u mEnMas M’ gactu
YIPYTOCTH BHpasKalOTCA depe3 OJHY M Ty Ke (QYHKIUI {, OTKyJa BHITEKaeT
BO3MOYKHOCTH BEIpasuTh M’ uepes M’'', mu6o HaoGOpPOT UTyTeM HCKIOUCHMUS
¢ (s). Paspensaa BBeipamkenun (1) meilcTBUTENbHYI0 M MHUMYIO dacTHd, 00paimas
TOJIydYeHHEIe BHPaKeHNA U UCKI0YAA () (s), MOMYINM HCKOMYIO CBS3B

_ e\

- Lc + (2)
rie depes L u L, o6o3HaueHEI WHTerpalbHBE OMEPATOPH CHHYC- W KOCHHYC-
npeobpasoBaunss Dyphe W HCIOIH30BAHO 0UYEBHIHOE ONMEPATOPHOE PABEHCTBO
Ly = L, = Y/, n. Beanunmua

M (0)

an et

mpefcTaBiasier coboil AMHAMUYECKYI0 Bs3kocTh [*], dopmyna (2) mossomser
mepecunTaTh YIpPyrocTh Ha BA3ZKOCTH W HAO0OOPOT.

Hnsa pemennmsa pasenHctea (2) orHocutensno M mam M Heobxomammo
HaHTH OpOM3BeNCHNS HeKOMMYyTupyomux omepatopoB L.L. u L.Ls. [Tocaen-
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gee MOMeT OHITH C/leJIaHO NIPH HOMOMHU (OPMYJIHI 3)
L¢sinaz = a (a?— z%)-?!

fojydJaomerica 13 M3BeCTHOro mHTerpala L, (a?— z%)~! = (/2a) sin ax my-
TeM ero ymHOeHua Ha L, (@ — mapamerp). Torga

LiLef (0) = \/ (p) 0 (@ — p*) " dp ()
LeLof(@)={ /(p) p (7 — w7 dp ()

0
3Jech U B fadbHeIeM HHTErpaJb OepyTcs B CMEICIE IJIABHOIO 3HAYCHUA.
Vcnonbsys popmyast (4), momrydaem m3 paBeHcTBa (2) AUCIepPCHOHHEE COOT-
HOIIEHH T o

V4

dti cooTHOmeHUsA ObLIM TMoaydensl ['poccom [4].

IKcIepuMeHTaIbHOE olpefeieHne M(w) IPOBOZUTCA B OrpaHHIeHHOM
HHTepBase dactor. Hampumep, mpu m3ydeHHH MeTOJOM KPYTHIBHBIX KoJela-
HUH pelaKCalMOHHEIX IPOIECCOB B MOJMKPHCTANIE, O0YCIOBIEHHBIX BA3ZKIM
OBegeHNeM CPaHUI] 3ePeH, XOPOIIO OIpefelsercsi BCA BBICOKOYACTOTHAS 00-
Jacts M(w), Torga Kak HH3KOYaCTOTHAsT 9acTh (COOTBETCTBYIOIAA BEICOKHM
Temneparypam) oopeiBaercsa miasa M’ (o) > M° u, rakum o6pasom, M° ocraerca
Hem3BeCTHEIM. B ¢BA3M ¢ 9TUM mpefcraBlsger WHTEpPEC HOJYIHTH AUCIIEPCHOH-
HEle COOTHOIIeHWs, cBs3wBalomue M’ u M'’ He gepes M°, a wepes m=. mo-
CKONBKY M® JerKo u [0CTaTOYHO TOYHO OIpEAeIseTcs 3KCIepUMeHTAIbHO,
TaKk Kak M Je;KUT B HU3KOTeMIepaTypHOHW o0JacTH M IpefcTaBiserT co6oi
MaKcuMajlbHOe (HepelaKCHPOBaHHOe) 3HadeHHe KOMILIEKCHOW yNpyrocTil.
Jtst 970l Iennm BOCIOMB3yeMcs NPHHIAIOM HalosKeHus Boabnmana, KOTOpBIi
MosKer ObITh 3ammcad B ¢dopme [5]

t
o= M — \ e(x)/(t—r)dr (6)
—00
3nech mepBoe claraeMoe — HepeJaKCHPOBaHHOe 3Ha4YeHHE HalpsyKeHHA,
a BTOpOe Y4HMTEIBaeT yOHIb O B pe3dyiabTaTe penakcamuu. DyHrmus f(¢) as-
JAsieTcss QYHKIHeH maMsaTH M B 0oOImeM clydae OIMCHBAETCA HHTErPaioM

f(t):s A(t)exp(———)dt (7
0
Ilpuaumas pmedpopManuio NOUKIAIECKOH s — g,exp(— iwf), #3 ypaBHe-
Hud (6) mowyanm: o
M (0) = M*® — S gt f (&) dt’ (8)

0

Pasencrso (8) moxuHO paccmarpuBarh Kak @Dypbe-uHTerpan QyHKIHH
M>» — M(o»). ITor nHTErpad oTianmdaercs or o0praHoro Dypre-npecraBieHusa
¢yHKIIE TeM, 9T0 OH obpe3aerca g ¢t < 0. [locienHee ABIseTCA CleqcTBIEM
OpHUHINIA OPUIMHHOCTH, 3aKJIM04alomerocst B TOM, 4To B paBeHcTBe (6) pac-
CMaTpUBAIOTCA JUiih MOMEHTH BpeMeHH, MeHbIue {. llpuHIWD npuamHHOCTH
MOKHO (opMaJbHO ydecTh paclpocTpaHeHmeM B paBeHcTBe (6) mpemesos
HHTETpUpPOBaHUs Ha o00dacTh (— oo, 00) ¢ OTHOBpeMEHHEIM oO0Ope3aHHEM
¢yurnun namaru daxropom [1—1 (r — ¢)],rae 1 (x) — emuHmIHAA QyHKIUA,
paHasa Hymo aas x < O m exmanme nas x > 0. Torga mocie 3aMeHH mepe-
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MeHHHX {' — ¢ — © mHTerpan (8) MOMKeT paccMaTpUBaThCA KaK OOBYHEIE
maTerpan @ypve or ¢ymrmmm f(t')-1(2').

Ilepexons B pasencTse (8) 0T KoMIIeKcHOTO mpeobpasoBanusa Dypre K cu-
Hyc- m Kocmuyc-npeobpazoBannam Dypre, pasfensa AefCTBATENbHEE M MHE-
MEe "YacTH W o0pamias mOJydeHHHE DPaBEHCTBA, HaiifleM

f@)=(2/n) L [M* — M’ (t)] (9
J(t) = —(2/x) LM" (2) (97

Orcrona
Lo [M® — M’ (t)] = — LJM” (1) (10
[pr momomu gopmyt (4) MONydNM MCKOMEIE IUCICPCHOHHBIE COOTHONIEHUST
==\ S—%dp (11

0

, 2 ( M®— M’ "
M (w)=%8 _'pT_-wéﬂdp (117)

0

®opmyast (11) mo cBoeit CTPYKType aHANOrMYHHI M3BECTHHIM AMCIIEPCHOH-
HEM cooTHomenusaM Kpamepca m Kpoumra (cMm., mampmmep, [°], crp. 340)
RISl AUDJIEKTPHYIECKON HPOHUIIAeMOCTH B AUSJIEKTPHKAX.
PasencrBa (11”) m (5”) coBmagaioT; KelCTBATEIHHO
[ee]

| (2 —wytdp =0 (12)

1o mossoasier yopats M*® m M° m3 mogmHTer paabHEX BHpaxkeHmi (117)
I (9") coorsercTBeHHO. OQEHAKO MJS CHMMETPH3ANUU AWCHEPCHOHHBIX COOT-
Homenuii oum ocraBiensl. Dopmyus ke (5') m (11') — pasumuHH, n B CHIY
mocTymuocTH ompeneienus M® mocaemuas popmyna Gomee ymoGHA [JA mpaK-
Traeckux npuiokennit. Hanpumep, eciinM () sKcme puMeHTaIbHO OIIPE/IeNIeHo
st obaactr (wo, ©0), T0 MOkHO M’ (w) SKCTpPamOAMPOBATH HA BEICOKOTEMIIE-
parypuyio obxacts (0, wo) I ¢ momompo pasencTra (11°), rme aeBas wacThb pa-
BEHCTBA W3BECTHA AJA (v, O0), BEIOPATh TAKYIO SKCTPAIOJIANUAOHHYIO GOPMYITy
mag M", gna woropoir (11) ymomumerBopsiercsi B obmactm (o, ©0). ITO
B CBOIO ouepefb N03BOJsgeT momcumtath [N’ B BHCOKOTEMIeEpATyPHOR
obnacru (0, wo). Taxmm ob6pasom, ¢opmyna (11’) MomkeT OHTH HCHOIB3O-
BaHa JAJA BEYUCJIEHUs BEJWYUHH BHYTPEHHETO TPEHHUSI B BHICOKOTEMIIEPATYP-
HOH 06JIacTH IO W3BECTHEIM JaHHHEIM [JIsA cpefHux Temuepatyp. Dopmyns (117)
u (5") HeymoOHH [JsA 3TOi mHeiad, TAaK Kak scKrpamoisanma M’ saTpynmsercs
HEeM3BECTHHM 3HaueHmeMm M°.

IIposepra monyuenunx coornomenwmit (11) Moker OHITH CcHeNaHa IIyTeM
mopcranoskn (11°) B (11”) mum maoGopor. Hampmmep, mua M” momyuaem:
e Va0)

M) =5 (| 2 27— dpdg (13)

S g (PP—)(pE— ¥
00

Hdaa toro urobn paBeHcTBO (13) yHOBIETBOPANOCH TOMKIECTBEHHO, HEOO-
xogmMo moTpe6oBaTh, YTOOH

& 2 d w2
Qﬁ(}%_—qz)=-7;3(9—w) (14)

p
PasencrBo (14) MokeT GHITH BHIBEJICHO W3 W3BECTHOTO WHTerpaia [°]
[ee]
\ sin wz (2> — ¢*) ' zdx = — cos qw (15)
0
KOTOPHEIA MOKeT OHITH 3amdcadH B (opme
Lo (02 — %) = -2-Led (¢ — 0) (16)
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Ywuuosxas maTerpan (16) ciesa na Lgu BOCIONB30BaBIMUCH COOTHONIEHHSIME
(4), momyumm pasenctBo (14).

®opmyasr (5) u (11) BEIBefleHE U3 pa3INYHEIX ypaBHEHUIl: NepBEe U3 Tep-
MOIMHAaMHYeCKOT0 yPaBHEHWS HepPaBHOBECHHX MeXaHUYeCKUX IIPOIECCOB,
a BTOpHe — M3 NPUHIUOA HalosKeHNA BoarmmaHa. OgHako B 000MX ciIydasx
B ABHOU MM HeABHOH (GopMe MCHOIB30BaJCcsa HPUHIMI TpwdnHHOCTH. IloKa-
KeM, 9TO HCI0Jb30BaHue NPUHINIA OPHINHHOCTA M Y9eT HEKOTOPHX MPOCTHX
o0mux cBoiicTB QyHKIUE M(0®) T03BOIsAeT MOAYIATH O6IMUe NECHepCHOHHEE
COOTHOINEHNSI, W3 KOTOPHX ¢opMyus (5) u (11) BETeKAWOT KaK 4aCTHHIA cay-
vyaii. [{ng aroil neam Bocmoabsyemcs Gopmyaoit, monydennoir H. H. Boroao-
GOBHIM W MCHOJNB3yeMOil B KBAHTOBOI 3JIeKTpojuHaMuKe [89]:

@opmyna (17) cupaBepgnmBa 15t (GYHKOWHA, aHaIUTHIeCKHX B BepXHeit
MOJYIUIOCKOCTH M MMEWINUX B GECKOHEYHOCTH HOJIIOC n-To mopagka. Dopmyie
BHBOJUTCS W3 M3BeCTHON WMHTEeTpalbHO# Teopemsl Homu

r

myTeM HepeMeIneH¥s TOYKW z Ha KOHTYp MHTerpUpPOBaHUA U BHOOpa B Kade-
CTBe: KOHTYpa MeHCTBUTEIHLHON OCH W AYTH BepXHedl HOJTYOKPY)KHOCTH Oecko-
He4HO (OJBINOTO. pajuyca, a B KadecTBe (QYHKINN — BeJIWINHH f(z)(z—

s nmpuMeHeHumst mucmepcuoHHOHE GopMynas (17) K HameMy ciaydaio clie-
myer obcynurh mosemeHne M(w) B BepxHe#l moxymirockoctu. Ilpum aToM MoKHO
ucxoauTs au6o us paBescrsa (1), mu6o us (8). CymecTBeHHO, 9TO B CHIY IPHH-
nuna npuanHHOCTH Dyphe-mpencraBieHne mepeMeHHOW dwactm M(w), T. e.
M® — M nnu M — m . obpesaercs I OTpUNATeJIbHEX MOMEHTOB BpeMeHH
t’. Iomaraga © = ®’ --i®'’, moaydaeM B HOJHHTETpaIbHOM BHpaKeHHH-
Dypre-lipeicTaBieEns COMHOMKUTENL exp (—w'’¢’), obecmeduBalomuir. cxo-
muMocTh uaTerpaida Mypre pas ¢ > 0, rorma Kak gis ¢° < 0 mogEIHTErpalb-
Haa QyHKUuA obpesaercs B cuiay IPHHINWIA OpUIMHHOCTH. TaKuM 00pasoM,
KOMILIeKCHasi yupyrocts. M(w) sBisgeTca B BepXHel MOJIYIJIOCKOCTH aHAJIHTH-
decKON (QYHKIMed, MMesa Ha 0@CKOHEYHOCTH MONIOC HYJIEeBOro mOpsaaKa (KOH-
craunry M),

Mostomy k¥ M(®) MoxHO mpumMeHUTH (opMmyay (17), momoskuB n = 0

IMopcraBusism B8 paBencrso (17) M(w) u momarasg n = 0, moxydum

[eo]

—o00

Paspensiz B paBeHcTBe (19) meiicTBuTeNbHEIE M MHUMEIE 9acTH, HaiifieM

W\ T Ty (p—0) (P — o) (20%)
M (0) — M*(0,)  —

rge B IIOCJHeJdHEeM DpPAaBEeHCTBe [JdA CHMMeTpU3anuun I[OG:‘:IBJIGHO cilaraemoe
co

T s —o)(p—wy)™ T ¥ v
—00

Bripaskenus (20) MO3KHO mepenucaTh B HHOH GopMe, eClIH y4eCTh,9TO B CHIY
WHTerpalbHOTO IpefcTaBieHust tuma (8) M’ aBiserca YeTHOW QYHRImEHd

7*
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a M''— HedeTHOH:

M (@) — M (o) = = (@ — o) | LD (22)

) (=) (P )

" ” 2 . 2 M’ ( — IWI ”
M" (0) — M"(0y) = — - (0 — “’0)& & +(:;)ﬂ[wz) ((p};)— 0?) ] dp (227
0

Dopmyas (22) npeacTaBiasoT codoii oliue AUCIePCHOHHBIE COOTHOINEHU S

Mesxny M’ u M'', 13 KOTOPHX B 9aCTHOM ciaydae wo = 0 moxyduaroTcsa gopmy-
(5), a mpr @0 — oo — popmynan (11).

IToCKOMBKY 9KCIIepUMEHTAIBHEIE JAHHbIE ONMUCHIBAIOT KAK € IIOMOIIBI0 yIPY-
rocTd,TaK M ¢ IOMOIIBIO MOJATIABOCTHI, MIPefACTaBAAeT HHTEePeC HOMYIUTh AHC-
HepCHMOHHEE COOTHOIIEHWA AN MOAATAnBOCTU. JlJIg 9TON el B KadecTBe MC-
XOOHBIX YpaBHEHNH BO3bMeM TePMOJMHAMUYIECKOE YypAaBHEHWE, aHAJIOTHIHOE
ypaeHeHUIO (1)

J =J° + iol? " (— w) (23)

U MHTEerPaJbHOE ypaBHEHMEe THIIA OOJIBIMAHOBCKOro ypapHenus (6) ’
t

g = J%5 |- S s(t)f' (t —t)d (24)

B mocienneM paBeHCTBe mepBOe cllaraeMoe Oy[eT JaBaTh MIHOBEHHOe 3HA-
genne fedopMalny, YCTAHABJIWBAIOINEOCHA IMON [deHdCTBHEM HANPSKEeHHA O,
' - ¢yurmus mamsaru, u BeaumunHa o (T) f (! — 1) dv maer mpupaleHUe
IepopMmanuy 3a BpeMs dT, O0YCIOBIEHHOE PeIAaKCAIMOHHLIMK ITPOIECCAMIH.
W3 ypaBHenus (24) pus Immmqe(mnx nedopManuii BHTEKaeT

v J (0) = J°°+Sei°’"f'(t')dt’ (25)

Pasunma B snake ypasHeunii (1) u (8), c OI[HOI/I cTopoHH, U (23) u (25),
¢ Rpyroil, BHTeKaeT u3 ounpefeldennsa J — M-

JI: MI (M12 + M/I2)_]_’ J/I —_ MII (Ml2 + Mllz)_l (26)

‘TIpoBepss BHIYKCIEHHA, AHAJOTWIHHIE TeM, KOTOPHE OBLIM CHENAHB [JIA
BHBOfA [HUCIEPCHOHHHX COOTHOWMEHWH [JIA YHOPYTOCTH, HOIYIHM:

o , 2 220.]'!/ — , 200 J
Jo T (o) = 7-—;’—5%(11;, T (@) —Jo° = — ;S 2@ ap (27)
0 0
e =20 Dy i e)= 2:8 IO (28
0 0

Vpasserus (28) B cuny paseHcerBa (12) cosmajator, Torja kak (27) ABIsA-
I0TCA Pas3IMYHBEIMK yPaBHEHUAMH,

B Tex caydasx, Korga cucteMa Hapsamy € YIOPYTOCTHIO -06iamaeT CIOCOO-
HOCTHIO K BA3KOMY TedeHUIo, (opMyJIsl BUAOU3MEHAIOTCA. IlpuMepoM Takux
CHCTeM SBJAKTCA IMOIMKDUCTAJLIH, Y KOTOPHIX HPH BHICOKMX TeMIepaTypax
HOABJIACTCA BA3KOE TeUeHNe II0 'PAHMUIlaM 3€peH, B Pe3yJbTaTe 4ero AJd TaKuX
TeMIepaTyp BHyTpeHHee TpEHHe Pe3KO BO3pacTaeT C TeMIeparypoi [10],
OGHYHO BA3KOCTH YYHTHIBAeTCA HBIOTOHOBCKHUM TeUeHHEM O = 7, _KOTOpOE
BHOCHT B CYMMapHYH IUKJINYECKYI0 nedOpMalldio BKJIaJ, paBHBIH O/io.

IMostomy mommas momatausocTb J Gymer pasma [4]

- Yﬁj

T =7+ (29)

rie J pmaerca gopmysnamu (23) mian (25). Y3 BripaskeHus (29) BumHO, 910 MHU™






